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Abstract Last year, Hansen [9] proved a very surprising new char-
acterization of AC€, in terms of constant-width circuits.

We show that ACCis precisely what can be computed Barrington’s theorem [3] yields as a corollary a charac-
with constant-width circuits of polynomial size and polylog- terization of NC as precisely the problems solvable by
arithmic genus. This extends a characterization given by constant-width circuits of polynomial size. If NOT gates
Hansen, showing that planar constant-width circuits also are allowed, then these circuits can be made to be planar,
characterize ACE. Thus polylogarithmic genus provides but if NOT gates are allowed only at the leaves (i.e., at the
no additional computational power in this model. We con- inputs), then Hansen is able to build on earlier work [10]
sider other generalizations of planarity, including crossing to show that AC€ is precisely the class of languages ac-
number and thickness. We show that thickness two alreadycepted by polynomial-size constant-widtkanar circuits.
suffices to capture all dfiC!. This is a beautiful and unexpected characterization, making

no blatant reference to counting modor to the algebraic
considerations that have been central to all previous work
1. Introduction on ACC’.
TC? is an important complexity class lying between

The complexity class ACCis one of the mostimportant ACC’ and NC. Since the papers of Hansen and Barring-
subclasses of NC Barrington’s characterization of NC ~ ton combine to give characterizations of AC@nd NC
in terms of constant-width branching programs [3] h|gh_ in terms of constant-width circuits, it was natural to ple
lighted the importance of algebraic considerations in study- Up the question of whether Plso corresponds to a class
ing small circuit Comp|exity C|asse3, and initiated a produc- of constant-width circuits. Since we wanted to character-
tive line of research reinforcing the connections between ize & complexity class that is intermediate between ACC
circuit complexity and formal language theory [6, 4, 11]. and NC, we focused on graphs that are “intermediate” in
In this framework, computation oveon-solvablenonoids ~ Some sense between planar and unrestricted. In this paper,
gives complete problems for NCwhile computation over ~ We consider some of the most important graph-theoretic no-
solvablemonoids yields problems in ACC tions that generalize the concept of planarity:

The class ACE€ also attracts attention, because it lies at
the frontier of current lower bound techniques. ACIS
the union of the classes A@Gn] of problems computed by e Genus
constant-depth polynomial-size circuits of AND, OR, and

e Crossing Number

MOD,, gates. Ifm is prime, then A€[m] is known to be s Thickness

a proper subclass of ACJ14, 13], but form composite, |t will suffice for the reader to have an informal grasp of

it remains unknown if NEXP is contained in (nonuniform) these notions; we provide a few additional definitions later

AC’[m]. on where they are needed. Té¢ressing numbeof a graph
“This research was done while this author was a postdoctoral associatdS the least number of “edge intersections” required in any

at WINLAB, Rutgers University. embedding of the graph in the plane. Tgenusof a graph



is the least number of “handles” (or “doughnut halves”) that
need to be attached to the plane in order to provide a surface
on which the graph can be embedded with no edge cross-
ings. Thethicknessof a graph is the smallest number of
blocks needed in a partition of the edge set, so that the ver-
tices can be embedded in a plane so that none of the edgesiin
any block of the partition cross each other; intuitively this is
the number of transparencies needed to represent the graph,
where each transparency is planar. (For more complete def- 0
initions, please consult a graph theory text, such as [7].)
Planar graphs have crossing number 0, genus 0, and thick-
ness 1. For any grapi, thicknes$G) — 1 < genusG) <
crossing.numbé¢).

Our main theorem is that constant-width polynomial size
circuits of polylogarithmic genus compute exactly the prob-
lems in ACC. As a corollary, the same is true for cir- two circles on the plane where the handle is attached are
cuits with polylogarithmic crossing number. In contrast, called the “handle connections”. For any hantlarbitrar-
constant-width circuits of thickness two already suffice to jly label one of its handle connections the “east” connection
compute all problems in NC We can view this as a positive h. and the other one the “west” connectiby. When we
result, because it yields additional information about ACC embed a graph into a plane withhandles, we will con-

and NC. However, it is also in some sense a negative re- sider only embeddings where each vertex is embedded in
sult, in that it removes the most prominent candidates for athe plane.

Figure 1. A facial cycle on a torus

possible characterization of P@h terms of constant-width Given a graph embedded on a plane witthandles
circuits. We leave the task of finding such a characterizationy, ..., for any directed edge = (u,v) in the graph
as our main open problem. there is a wordu, over the alphabep} U {hi, hi e, hiw :
1 < i < k} recording the regions of the surface that
2. Definitions and Preliminaries are encountered while traversing the edge fronto v.
Note thatw,. begins and ends witp because all vertices
We first define a layered digraph : are embedded in the plane. tPaversal of handleh; is

a subword of the fornph; czh; »p Or ph; wxhi p, Where
Definition 1 We call a digrapHayeredf there is a partition x € {hie, hiw, hi}*. (Thatis,e traverses handlg; if it

of the vertex set into seig, V1,---,V; (and we call them  enters at one end and exits at the other end.)
layersor levelg and every (directed) edge in the graph is The following theorem can be viewed as presenting a
from some laye¥; to V; . “normal form” for genusk graphs, that will be convenient

_ . . . for us to work with.
Definition 2 The width of a layered digraph with layers

Vo,..., Viismax|V;| : 0 <i <} Theorem 1 Given a graph@ = (V, E) with genusk, there

i bedding aF into a plane withi handles such that
A circuit of width w is a layered digraph of widtny S o emPedding diinto a plane witht handles such tha

where each vertex is labeled either as an AND gate, an OR e Every vertex is embedded in the plane.
gate, an input variable;, or a negated input variabler;. .
It is important to note that inputs can appear on any level, ® £ = Ep U Ey Where each edge iy traverses at

and inputs can appear more than once. least one handle, and each edgefip traverses no

A circuit is planar if it can be embedded in the plane handle (and thus without loss of generality is embed-
with no two edges crossing. More generally, a circuit has ~ ded entirely in the plane, since one can slide any “par-
genus< k if it can embedded on a surface of gerusith tial traversal” out of the handle).

no edges crossing. Because of Theorem 1 below, most of
this paper can be read and understood without any detailed
understanding of the topological notion of genus. (The de-
tailed definitions that we do require are encapsulated within ¢ For each edge € Ey and each handlé, e traverses
the proof of Theorem 1.) Theorem 1 allows us to restrict h at most twice.

attention to a particular class of genkisurfaces, consist-

ing of a plane witht “handles”. (Informally, a “handle”isa  Proof: This proof was suggested to us by Carsten
bent cylinder that is attached to the plane at each end.) Therhomassen; we thank him for allowing us to presentit here.

e Each handle connection lies in a face of the planar
graph(V, Ep).



Ci. Thatis, we have edges between;;, andv; i1,
for eachb € {1,2} and eachl < j < r;. An important
property of cutting along the cyclé, is that in the result-
ing graphGy, the copiesC; andC, > arefacial cycles
([12, p. 106,Lemma 4.2.4]). Label the face corresponding
to C , with the name U ,”; since C , is facial it cannot
be surface-nonseparating and hence it will never be selected
as the cycleC’; in subsequent stages (although individual
vertices onC , might appear on such a cycfg;). That
is, we will maintain the property that in all of the graphs
G; that are constructed in subsequent stages, there will be a
face labeled”; .

It is important to observe that the orientation of the ver-
tices is reversed id'; ; andC 2; equivalently, if we were
to connect a handle to the faces that have boundétigs
and C 2, then we could embed edges connecting,
andv; ; » through the handle without introducing any edge

A closed orientablsurface is one which can be obtained . . .
by adding some handles to a spher8-space (the genus of crossings. We empha5|zg thég contamg exactlyl more
edges thaid, corresponding to the duplication of cydlg.

the resulting surface being equal to the number of handles ;
added; see also the text [8]). Given a graplembedded Ies?:h:er\r?r:g?ci‘z.‘l of [12], the genus of the graph is

on a closed orientable surface, and a cycle of the graph em- If the genus of G, is still greater than zero,

bedded on the surface, there are two (possibly intersectingXNe can choose a surface-nonseparating cyEle —
subgraphs, called the twsidesof the cycle with respect to (V21,0 var,} in Gy and cut i{oalongg 0 obtaTn
f 2,1,V2,2," ", U2,rp 1 2

the embedding. Informally, a side of the cycle is the set o . . i
vertices of the graph that are path-connected to some ver?arﬁ]zh&z gz:;rchacfessnr:g;re%enu;;‘? an:f\t’;?'g;feons
tex on the cycle, such that this path does not cross the cycle y 2,1 2,2 P

itself. A cycle thereby has two sides, which are called the \F/)vlzr(])gtam a graplivy. of genus zero, which we embed in the
left a_r;ld therllgfr:t sides. If the Igft and the rlghht sides olfI ah The grapht, has faces labeled; , for 1 < j < k and
specific cycle have nonempty intersection, then we call t €1 < b < 2. Create a handle; with connections in the faces
cycle asurface-nonseparating cycl®lote for instance that C 1 and C J

a graph embedded on a sphere _(i.e., a planar grqp_h) doesj’;\ singlg\Q/értexz) in G may correspond to many different
not have any surface-nonseparating cycles. Also, it is €3V ertices inG, if copies of it were made in the various steps
to see that dacial cycle (one that forms the boundary of a i

face in the embedding of the graph on the surface) cannotOf cutting along the cycleg’;. For eachv, we will create

. ; . . a treeT, that connects all of these copies, as follows. For
be surface-nonseparating. In Figure’l,is a facial cycle,

hence surface separating. The shaded region is one side OEZCZSDS::OOJ ca/ ﬂgﬁjﬁ% ir(;?]ggét;: C;’;e ?/(Zcriti(;[empor;%
Cy and the rest of the torus the other side. In Figuré'g, 9 9 9 8.1

is surface-nonseparating whit is not vj4,2. The “temporary” edges that are added in this way
) ; ) connect all of the copies of each original vertewith each

Given a graph; of genusk, consider an embedding other, but it will not in general be a tree. For each vertex

of G onto a surface of genus. If k > O then there  ,tihe original graph, select one representative copy of

will be a surfe_xce-npnsepgratmg cycle [12, Lemma 4.2.4 and create a rooted tr@¢ consisting of “temporary” edges

and the following discussion]. Choose one such surface—th&lt connect to each of its copies.

nonseparating cycl€’; in our graphG and cut along it Now consider the grapil that results by taking graph

([12, p. 105]) — letCy = {vi1, 012, - 01} DETHE (o oy performing the following steps:

cycle and letG; be the graph obtained fro by cutting

alongthe cycleC. The graphG; has two copies of each 1. Delete all edges that occur on any cyClg, .

of the vertices{v; 1,v1 2, -, v1,, }, Which we denote by

{vi,1,1, 0121, V1, 1} @NA{v1 1,2, V1,22, -+, Vi 2}

For every undirected edde, v1 ;) on the right side of the

cycle C; we have the edgéu, v: ;1) in G, and for every

undirected edgéu, v, ;) on the left side of the cycl€l

we have the edgéu, v1,;2) in G1. The graphG; also has This graphH has the same number of verticeasAny

two copies of the cycl€’,, which we denote by, ; and two vertices that are adjacent fit are adjacent irz. No

Figure 2. A surface-nonseparating cycle

We introduce here some terminology and definitions re-
lating to graphs on surfaces. It will be sufficient to give in-
formal definitions of various notions; the interested reader
can refer to [12] for more rigorous definitions.

2. For each vertex in turn, contract the “temporary”
edges off’,,, and pull the copies af to the root ofT;,
across the handles, bringing along the edges that are
adjacent to the vertices @f,.



edge ofH crosses any bridge more than onékis embed- Theorem 3 Given a layered grapl = (V, EpUEy) em-

ded in a plane witlt handles. bedded in a plane with handles satisfying the conclusions
However,H is a proper subgraph @. The only edges  of Lemma 2, there is a layered graph = (VU V', EpU

of G that are not present il are the edges that correspond E}, U Ex) whose embedding extends the embeddirg of

to edges of some cycl€; ;, of G, that were deleted in the  such that the grapty” = (VU V', Ep U E}) is embedded
first step of our construction df . We need to embed those jn the plane and no face @ has more than one handle

edges. connection inside it.
Consider any edg@, u) of G thatis absent itH; (v, u)
corresponds to some edge,u') on a cycleC;; in Gy. Proof: Consider any face of the embedding of the planar

We embed an edge fromto by following a path through  graph(V, Ep). We will partition this face into a finite num-

the handles from to the spot on the plane whevé was ber of regions, assigning a color to each region. Let there

embedded (corresponding to a path in the spannindgirge  bed handle connections inside this faég, . . ., k4. Assign

and continuing on to the spot on the plane wheftevas color¢; to connectiorh;. For each edgethat enters (or ex-

embedded, and then through the handles (corresponding tits) connection;, color e with color ¢; on that portion of

a path in the spanning tré®,) toward vertexu. The path  the edge that lies between the boundary of the face and the

fromv to v’ uses each handle at most once, and the same ipoint at which it touches the connectibn (No segment re-

true for the path from:’ to . Thus no edge traverses any ceives two colors in this way.) If there atedge segments

handle more than twice. | adjacent to a handle connectibn then this gives rise to a
Theorem 1 leaves open the possibility that a single edgepartition of the face int@d segments andlregions arranged

will traverse several handles. When discussing circuits, 2round the handle connection like slices of pie. Some of
however, this complication can be avoided, as the follow- hese regions might contain other handle connections; those

ing lemma demonstrates. that donot contain other handle connections receive color
_ o ) c¢;. No region receives more than one color in this way; re-
Lemma 2 Given a layered circuit”’ of widthw, genusk, gions that do not receive a color are said tongte. Any

and sizes, there is an equivalent layered circdit of width  yertex on the boundary of the face that is adjacent only to
O(w?), genusk, and sizeO(skw?) that can be embedded  regions of one coloe; receives color:;; any vertex on the
onto a plane withk handles satisfying the conditions of The- boundary of the face that is adjacent to regions of two or
orem 1 with the additional restriction that no edge @f more different colors (one of which must be white) is col-
traverses more than one handle. ored white. If there is more than one handle connection in
Proof: Consider an embedding @ into a plane withk the face, then every handle connection is adjacent to some

handles, as guaranteed by Theorem 1. For any edge thathite region, and every white region is adjacent to some
traverses more than one handle, or that traverses some hanvhite vertex on the boundary.

dle more than once, insert a new vertex between any two  Consider any white region that is adjacent to some han-
handle traversals. At mo&k — 1 new vertices are added dle connectiork;. The border of this white region includes
per edge. Since there are at mast edges between any some arc of the handle connectibn (and it includes the

two layers ofC, this adds at most)(kw?) new vertices. ~ entire handle connection if only one edge segment connects
The modified graph is no |0nger |ayered_ For each two ad- h; to the border of the face). The ends of this arc are con-
jacent leveld, ! + 1 of C (that might now be separated by nected to edge segments that attach to some white vertices
paths of lengtt2k — 1), insert additional “dummy” gates v andv on the border of the face (and note that= v in

(i.e., OR gates with one input and one output) to create thethe degenerate case mentioned above). We can now embed

layered circuiC’. The new graph has width at mast be- @ new edge in the white region, attachingo v and creat-
cause at most? “dummy” gates appear on any level of the ing a new face, which we now color with coloy, thereby
resulting graph. B decreasing by one the number of white regions adjacent to

. N the handle connection.
!
mi;r?teh;;gzee?/ilrna?hcgnglrg zgngezz;irgzigcaié_ fomarzs gziven Repeat this process, until each handle connedtiors
face of the planar part of the circuit. We find it convenient completely surrounded by regions colored The bound-

to modify the graph by adding additional non-functional ary of the region colored, is now a planar face thqt con-
e . tains exactly one handle connection. The graph might now
edges to subdivide faces, so that no face contains more than

one handle connection. This transformation might cause theno Ipnge_r be Iaygred, but it is straightforward to_insert new
. . vertices in the middle of the new edges, to obtain a layered

width of the graph to increase, but because the new edges ranh a

are purely an augmentation to the embedding and do not &P":

contain functional circuit edges, it will not cause problems  Cylindrical graphsplay an important role in our analy-

for us. sis, just as they do in Hansen’s work [9]. Cylindrical graphs



are a subclass of layered planar graphs, consisting of thos€laim 7 VwVkVvi3c3d Circuits of widthw and genusog' n
graphs that can be embedded on the surface of a cylinderand sizen® can be simulated by ACG:ircuits of depthd
where each layer of vertices is placed on a ring around theand sizen®.

cylinder between its neighbor layers, and all edges lie on

the surface of the cylinder going from one layer to the next,
with no crossings.
We quote the theorem from [9]:

Theorem 4 A layered digraphG is layered cylindrical if
and only if it is the subgraph of an acyclic planar layered
digraph with a unique source and sink.

We will need some additional information about the

The basis, whew = 1 is trivially true.

For the inductive step, consider a circuit famil¢’, }
of width w + 1, sizen* and genusog' n. LetG = (V U
V', EpUE,UEj) be the graph guaranteed by Theorem 3,
such thalG = (V, Ep U Ey) is the graph of the constant-
width circuit C,,, whereG is embedded into a plane with
log! n handles and no face of the planar graImJV', EpuU
E) contains more than one handle connection.

Without loss of generality, there is a vertein layer 1 of

transformation that Hansen uses to prove Theorem 4. Con{ that is connected by a path to some vertax the right-
sider a marked face of the acyclic planar layered digraphmost layer ofG. Let G be the subgraph af consisting
G that is a subgraph of an acyclic planar layered digraphof all edges ofG that lie on some path from to ¢ in G,

with a unique source and sink. In Hansen'’s transformation,

and letG.es be the remainder ofr; the vertices oGy

this face corresponds to a marked face on the embeddingind G partition the vertices o&7. Note thatG,.s; has

of G on the cylinder. (That is, if a face on an acyclic pla-
nar layered digraph has verticés, , vo, - - - v, }, then there

width at mostw becausé&r.,) contains at least one vertex
from every level. Also note that by Theoremd,y, can

is a face on the cylinder with the same vertices in the samebe embedded on a cylinder wilbg' » handles, because the

order.)

When we have a genusgraphG = (V,Ep U Eg)
embedded on a plane with handles and additionally the
planar grapiV, Ep) is cylindrical, then we obtain an em-
bedding ofG on a cylinder withk handles, where each face
of the planar grapl{V, Ep) corresponds to a face of the

cylindrical embedding, and the handle connections are sim-
ilarly attached to faces on the cylinder. We summarize this

discussion in the following theorem.

Theorem 5 LetG = (V, Ep U E) be a layered digraph
embedded in a plane with handles satisfying the conclu-
sions of Lemma 2, where the grafii F'p) is the subgraph
of an acyclic planar digraph with a unique source and sink.
Thenthereis alayered graghi = (VUV', EpUE,UEy)
embedded into a cylinder with handles such that the em-
bedding of the subgrapfi” = (V UV, Ep U E},) into the
cylinder has the property that no face@f contains more
than one handle connection.

3. Small Genus Characterizes AC€

Theorem 6 Let A be a languageA is in ACC if and only
if A is accepted by a family of constant-width circuits of
polynomial size and polylogarithmic genus.

Proof: One direction follows immediately from Hansen’s

planar part of5.,; has a unique source and sink. If we con-
siderG,.s; @s a circuit note that there are some gates whose
inputs lie inG.y; for each such gaté that is connected

to a gateg of Gy1, create an input node and label it with
variabley,. Similarly, for each gatg of G, that receives
input from a gateh of G, Create an input node and label

it with variablezy,.

For each input variable, of G, the subcircuit 0f5 e
on which gatér depends computes a function entirely of the
original input variables (because if it relied on a variaje
this would constitute a path fromto g to h to t and thush
would be part oii1). By induction hypothesis, the value
of each such gatg can be computed by ACCcircuits of
some fixed depth and size.

We show in Lemma 8 below that the value of each gate of
G.y1 can be computed in ACty circuits that take the val-
uesz, as input, along with the original input values. Com-
bining these circuits with the ACCcircuits computing the
values of the corresponding gate®f G, Yyields ACC
circuits that compute the values that each gatef Gy
takes on in the original circud’,.

Thus we can compute the correct valygshat we can
provide as input to the remaining parts@{.s;, in order to
compute the values of the output gate<f The proofis
now complete, once we have established Lemma 8. &

Lemma 8 VwVkVIdc3d such that circuits of widthv and
sizen* that are embedded on a cylinder witig’ » handles

characterization [9] where the genus is even required to begapy e simulated by AC:ircuits of depthd and sizen®.

zero. For the other direction, we follow Hansen’s basic

strategy and prove the theorem by induction on the width Proof: Let G = (V, Ep U Ey) be the graph of a circuit

w of the circuit family acceptingd. More precisely, we
will prove the following :

of width w and sizen* embedded on a cylinder withg' »
handles. Le' = (V UV', Ep U Ep U Ey) be the graph



embedded on the same surface, such that no face of the W

cylindrical part of G’ contains more than one handle con-

nection, as guaranteed by Theorem 5. Let the levels of the

layered graphy’ be numbered, ..., p(n). Let the handle
attachments off’ beh,, ..., h, (for s < 2log’ n).
Our first step will be to chop the cylinder into a poly-

logarithmic number of segments, corresponding to levels

where handles start and stop. For a handle attachiment
definestart(;) to be the least element of the gt there is
an edggu, v) that traverses the handle attachedasuch
that« is on levelj}. Similarly, defineendh;) to be the
largest element of the séj : there is an edgéu,v) € Ey
that traverses the handle attachedhatsuch thatv is on
level j}. Leta; < az < ... < a, be numbers such that
{aj : 1 < j < r} = {start(h,), start(h;) + 1, endh;),
endh;) —1:1 <1 < s}. Note thatr is polylogarithmic in
n.

Slice the cylinder inta- + 1 segments, where segment
1 consists of layerd ...a;, segment 2 consists of lay-
ersay...,as, ...and segment + 1 consists of layers
Ay ... ,ap(n).

We argue below that there is a functigrcomputable in
ACC? wheref takes as input a tripler, v, i) and outputs a
string z such thaty andz are bit strings of lengtlv, having
the property that if thev gates at the start of segmeértave
the values given by the vecterand the stringe is used
to provide values to the input gates appearing in segment
then the gates at the output level of segmentll take on
the values given by the vecter

-
-

Figure 3. Handle attachment

in this segment, and the cylindrical p&f UV, Ep UE})
of the graphG’ (which has the property that at most one
handle attachment is in any face) might also have polylog-
arithmic width. Lethq, hs,..., hq be the handles that are
active in segment.

Consider any handle attachméntthat is active in seg-
ment;. Consider the face of the cylindrical part 6f to
which h; is attached. As illustrated in Figure 3, there are

Assume for the moment that we have such a function edges from levels befo@. and aftemj+1 that enter or exit

f computable in ACE. Then we can build a graph with
width 2 and polylogarithmically many levels, such that
there is an edge from nodeto nodez in level 5 if and
only if f(z,v,j) = z. Finding paths in such graphs can be
done in AC. (For instance, we can build a DNF of polyno-
mial size that computes paths of lendgblg n, and in depth

4 we can compute paths of lenglibg? n, etc.) Thus the
proof will be complete if we can show thétis computable

in ACCP.

Consider a segment that starts in laygrand ends in
layera; 1. If a; +1 = a;q; then the circuitry in this
segmentis computable in N@nd thus certainly the desired
function f can be computed in ACC

Otherwisea; + 1 < a;41, S0 that thejth segment has
length more than one. Let us say that handle conneétion
is activeif start(h;) < a; andendh;) > a,+1. Because of
the way the sequence of slice points. . ., a, was defined
and because we are dealing with the case where 1 <
a;y1, it follows thatstart(h;) < a; andendh;) > ajt1;

h;. Although we draw our constant-width circuits with the
outputs on the right end (so that computation proceeds from
left to right), it will be convenient to use the compass points
to refer to directions on the cylinder using the convention
that the output level is North, so that the computation pro-
ceeds from South to North. Thus as depicted in the fig-
ure, East is to the bottom of the figure, and West is at the
top. Using this convention, we can speak of the face around
h; as having an East side and a West side. The faces that
surroundhy, . .., hy all start before the start of segment
and end after segmejit Thus we can view them as being
stripes arranged along the sides of the cylinder. In this way,
each handle connectidn has an East neighbor and a West
neighbor (where the East neighborigfis the handle con-
nection whose face is encountered first when moving East
from the face ofh; around the cylinder). The handle that
is connected td; on one end is connected to some other
handle connectioh; on the other end. (This handle con-
nectionh,;; need not be an East or West neighborhgf

that is, no handle connection is actually starting or ending Because of the edges that connkectindh; to levels out-
at the start or end of this segment. It is important to note side segment, it is clear that edges il'y that traverse the

that, althouglti has width bounded by the constamntthere

handle betweeh; andh;; must connectthe East side of one

might be polylogarithmically many handles that are active face with the West side of the other face; any attempt to em-



Figure 5. Cross-section of a cylinder with mul-

, : i ) tiple handles in a segment
Figure 4. Cross-section of a cylinder with one

handle in a segment

spine | ™\

bed an edge between the West sides of the two faces would
necessarily cross the edges that extend beyond segment -

We claim that all of the edges in segmerare embed-
ded onto at most disjoint cylinders. This is illustrated in
Figure 4 (withd = 2), which presents a cross-section of a Figure 6. A circuit on three pages
cylinder (with East to the right and West to the left). The
d handle connectiona,, ..., hy are arranged around the
cylinder, each attached to a face of the cylindrical part of . : . .
G’'. We can diagram this cross-section by building a graph Con3|der_ Figure 6 sh_owmg three hglf-plan_es_]omed at
with vertices for the East and West sides of the faces around® €0mMmon mtersectlr_wg line c_alled tsgine This is the_
each handle connectidgry. The East side of each face is type 9f surface on wh|_ch.we will embed our constant-width
connected to its West neighbor; edges from the circuit Cancwcuns, W'Fh the restriction that t_he subgrgph on any one
be embedded along this surface. The East side of each faclgalf—plane isupward plgnar (Equivalently, in each page,
is also connected to the West side of the face to which its all edges between adjacent layers can be represented by

handle jumps. Note that there are no edges from the Eas tralgh; “(;‘g Zegmt(:]nts.) Itis c_Ieztir:_that ar;]y g;ﬂphkthat (:;\é/lvn
side of a face to the West side of the same face; no circuit € embedaded on three pages In this way nas thickness wo.

edges are embedded in this region. The graph that is Con_It is also clear that if only two pages are used, then the entire

structed in this way is 2-regular, and thus it is the union of gra:ph ISI ulpward plar?ar',aénd by [5] such circuits can com-
disjoint cycles. If we create a 2-dimensional surface con- puNe on i/hanguag:_es n’ to what h h
necting these cycles at each end of segmjemte create a I ow the question arises as_to \g ?. . appenstwben we
cylinder (in Figure 5, this process leads to exactly one cylin- allow more pages in our circuit. Le |n|n@3qges o be
der). Every circuit edge appearing in segmglies on one the class of Ianguages captured by computatioh pages,

of these cylinders. For each cylinder, the circuit that is em- each of0(1) width, we prove that

bedded on it is planar and has width at mesfrhus by [9] Theorem 9 NC! = 3Pages

the function it computes lies in ACC

of circuit with thickness two suffices for this task.

5 In order to present our characterization of Ni@ terms
of constant-width circuits on three pages, it is useful to de-
fine a simple nonuniform model of computation:

4. A new characterization ofNC' Definition 3 Definestackga, b, ¢) to be the class of lan-
guages accepted by machines with three pushdown stores
Genus is just one of several possible generalizations of(with heights bounded by, b, and ¢, respectively) and a
planarity. In this section we considénickness and we computation register. Only binary values can be stored on
show that all problems in NCcan be solved by constant- the stacks. The program for the machine consists of a se-
width polynomial-size circuits of thickness two. We actu- quence of instructions (one instruction for each time step),
ally prove a stronger result showing that a very limited type from the following:



Fact 11 3Pages- NC'.

Thus the following lemma will show that NC 3Pages
and stacks(3,3,2) all coincide.

b2 b4 Lemma 12 NC! C stack$3, 3,2).
Proof: Consider Barrington's proof that languages in NC
b 1 b 3 b5 can be computed by permutation branching programs over
Sy [3]. The state of the branching program at some stage
of the computation can be represented as a sequence of five
Figure 7. Canonical placement of bits in a bits (b1, b2, b3, ba, bs), whereb; = 1 if the execution of the
stacks(3,3,2) computation branching program has led from the start state to state

since the branching program in Barrington’s simulation is
deterministic, exactly one of the bitg will be set to 1 at
any stage. We represent the initial state by (1,0,0,0,0). A
permutation branching program consists of a sequence of
2. pop the topmost entry from a stack into the register;  instructions(z;, 6y, ¢1), with the interpretation that if; is
equal to 0, then the representation of the state of the pro-
3. copy the topmost entry from a stack into the register gram after the next step is obtained by permuting the five
(without removing it from the stack); bits (b1, ba, bs, ba, bs) according to permutatiofh,, whereas
permutatiord; is used ifx; = 1. Without loss of generality,
we may assume that one ffo, 61 } is the identity permu-
5. compute the or A of the topmost entries of two stacks tation ¢ (because instructiow;, o, 61) can be simulated
and store it in the register; or by (xi,00,t)(xi, ¢, 61). We may further assume that each
0, is a transposition, since each permutation can be repre-
6. compute the or A of the topmost entry of a stack with  sented as a product of transpositions. To determine if an
an input literal and store it in the register. input word is accepted, it suffices to checkif = 1 after
) o o ) the last instruction is executed.
Notice that the machine is oblivious in that the stack(s) and  1hq idea of the proof is that we put the five bits in the

Iitergl corresponding to an instruc_tion_ are ingiependent of three stacks using heightis2, 1 respectively in a canonical
the input. The output of the machine is the final value that way, as illustrated in Figure 7. Each instruction is of the
is stored in the register, and we restrict the running time to ¢, (z;,7,7) where one of{7, 7} is a transposition and

. . . (3] ) ?
be polynomialin the length of the input. the other is.. We focus attention on two types of instruc-
tions(z;, 7, 7):

1. push the register value into a stack;

4. discard the topmost entry of a stack;

See Figure 7 which illustrates stacks(3,3,2). Our main
simulation using this model (in Lemma 12) involves per- Type 1 The transposition swaps the bits that appear on the

muting five values stored in the stacks as displayed in Fig- tops of two different stacks.

ure 7. Manipulating these values will be accomplished us-

ing stack heights (3,3,2). Type 2 The transposition swaps the bits that appear in one
It is easy to see that oblivious computation with 3 stacks stack.

can be simulated by computation with 3 pages. The height ) ) )
of the stacks corresponds to the width of the pages with theNOte that every instruction can be simulated by a sequence
spine serving as the register. Notice that popping a bit cor-°f instructions of Type 1 and Type 2. (For instance, in Fig-
responds to copying all the bits on the corresponding page|'® 7, to swap bits; andbs, we first use Type 2 |.nstruct|_ons
toward the spine while pushing is the reverse. An operation© invert stacks 1 and 2, then use a Type 1 instruction on
such as the/ of the topmost bits of two stacks can be sim- Stacks 1 and 2, and then again invert stacks 1 and 2.)
ulated by bringing the corresponding bits toward the spine
where thev operation is performed. Therefore we have the
following proposition:

Lemma 13 1. A Type 1 instruction on two stacks can be
accomplished by using exactly one extra place in the
other stack.

Proposition 10 stack$O(1),0(1),0(1)) C 3Pages . . )
2. AType 2 instruction on one stack can be accomplished

Since 3Pages consists of problems computable by poly- by using exactly one more place in each of the other
nomial length constant width circuits, we have: two stacks.



Stack1 Stack2 Stack3
b’
b
b
b b’
b b’
b b’ biax
b b’ b'ax
b b’ bax
b b’
b b (b'ax)y (Dax)
b {b'ax)v (b Ax)
b (b'ax)v (bax)
b ba x {b'ax) v (bAx)
b x (b'Ax) (baX)
b x {bax) v (b Ax)
(b'ax)v (bax)
(bAx) v (b X) (b'ax) v (bax)

(bAx) (b x)

(b'ax)w (bax)
(bAx) v (b x)

Figure 8. A transposition (if input bit

and identity transformation (if

x=0)

Register

biax

bax ¥

(b:/\x) W (bAX:l

b'a %

(b'ax)v (b AX)

x=1)

Proof: Figure 8illustrates the proof of Lemma 13.2. A Type
2 instruction decides whether to interchange two bjts
or leave them alone, depending on the value of the literal
x. This corresponds to replacing the sequeté) on one
stack, with the sequenaéz A b) V (z A V), (Z AY) V
(z A'D)). This is implemented by computing each of the
two expressions in succession and (during the computation
of the second) removing the biisb’.

The proof of Lemma 13.1 can be accomplished by start-
ing with the third step in Figure 8. [ |

Lemma 12 now follows immediately from Lemmals3,
since an operation of Type 2 on the first stack requires
heights2, 3,2, and an operation of Type 2 on the second
stack requires heigh8s 2, 2, for a maximum of3, 3, 2. Any
other operation requires less overhead. |

5. Discussion

Our initial goal of finding a characterization of ¥an
terms of constant width circuits remains a challenge for fu-
ture work. It is worth mentioning some approaches that
seem not to work. The results in this paper seem to rule
out characterizations in terms of crossing humber, genus,
or thickness. Algebraic approaches to circuit complexity
tend to mimic the structure of regular sets, and it is known
that any regular set that is not complete for Ni@s inside
ACC [3], [6]; thus this avenue does not seem promising
when searching for a characterization of’'TO©ne might at-
tempt to follow the approach of [1] by considering arithme-
tizations of Boolean circuits. However, a width-two planar
branching program is presented in [2] for which the problem
of counting the number of accepting paths is hard for NC
under ACC reductions; this rules out many approaches that
one might try in searching for a characterization of°TC
On the positive side, a characterization of #X@nd hence
of TCY in terms of counting paths in a restricted class of
branching programs is presented in [2], but this does not
seem to lead to an appealing characterization in terms of
constant-width arithmetic circuits.

We find it somewhat intriguing that the graph-theoretic
notion of genus is linked (via Theorem 6 and [6]) to the
algebraic notion of solvability. It would be interesting to
know if there are deeper reasons for this linkage.
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