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Abstract

We study two quite different approaches to understanding the complexity of fundamental problems in numerical analysis:
e The Blum-Shub-Smale model of computation over the reals.

e A problem we call the “Generic Task of Numerical Computation,” which captures an aspect of doing numerical com-
putation in floating point, similar to the “long exponent model” that has been studied in the numerical computing
community.

We show that both of these approaches hinge on the question of understanding the complexity of the following problem, which
we callPosSLP: Given a division-free straight-line program producing an inte@érdecide whetheN > 0.

¢ In the Blum-Shub-Smale model, polynomial time computation over the reals (on discrete inputs) is polynomial-time
equivalent toPosSLP, when there are only algebraic constants. We conjecture that using transcendental constants
provides no additional power, beyomsbnuniformreductions toPosSLP, and we present some preliminary results
supporting this conjecture.

e The Generic Task of Numerical Computation is also polynomial-time equival®ot&1.P.

We prove thaPosSLP lies in the counting hierarchy. Combining this with work of Tiwari, we obtain that the Euclidean
Traveling Salesman Problem lies in the counting hierarchy — the previous best upper bound for this important problem (in
terms of classical complexity classes) ber¥PACE.

In the course of developing the context for our results on arithmetic circuits, we present some new observations on the
complexity ofACIT: the Arithmetic Circuit Identity Testing problem. In particular, we show that ifs not ultimately easy,
thenACIT has subexponential complexity.

1 Introduction

The original motivation for this paper comes from a desire to understand the complexity of computation over the reals
in the Blum-Shub-Smale model. In Section 1.1 we give a brief introduction to this model and we introduce the problem
PosSLP and explain its importance in understanding the Blum-Shub-Smale model.



In Section 1.2 we present yet another reason to be interestiees81.P. We isolate a computational problem that lies
at the root of the task of designing numerically stable algorithms. We show that this task is computationally equivalent to
PosSLP. The material in Sections 1.1 and 1.2 provides motivation for studgisgLP and for attempting to place it within
the framework of traditional complexity classes.

In Section 1.3 we discuss our main technical contributions: proving upper and lower bounds on the comptexiy.of
In Section 1.4 we present applications of our main result with respect to the Euclidean Traveling Salesman Problem and the
Sum-of-Square-Roots problem.

1.1 Polynomial Time Over the Reals

The Blum-Shub-Smale model of computation over the reals provides a very well-studied complexity-theoretic setting in
which to study the computational problems of numerical analysis. We refer the reader to Blum, Cucker, Shub and Smale
[13] for detailed definitions and background material related to this model; here, we will recall only a few salient facts. In
the Blum-Shub-Smale model, each machine computing over the reals has associated with it a ihaErset machine
constants The inputs to a machine are elementg hfR” = R>°, and thus each polynomial-time machine oReaccepts
a “decision problem’L C R*°. The set of decision problems accepted by polynomial-time machinesRousing only
constants froms U {0,1} is denotedPs. The union of the classe’; over all S is calledpolynomial time oveR and is
denotedPr. The subclasﬁ]g of “constant-free polynomial time” is commonly denotedf}; cf. Blirgisser and Cucker [23].

There has been considerable interest in relating computationfot@the classical Boolean complexity classes such as
P, NP, PSPACE, etc. This is accomplished by considering B@olean partof decision problems over the reals. That is,
given a probleml. C R, the Boolean part ol is defined aBBP(L) := L N {0,1}*°. (Here, we follow the notation
of [13]; {0,1}> = (J,{0,1}", which is identical to{0,1}*.) The Boolean part oPg, denotedBP(Pg), is defined as
{BP(L) | L € Pg}.

By encoding the advice function in a single real constant as in Koiran [43], one can shdw/thdy C BP(Pg). The
best upper bound on the complexity of problemBiR(Pg) that is currently known was obtained by Cucker and Grigoriev
[27]:

BP(Pr) C PSPACE/poly. (1)

There has beeno work pointing to lower bounds on the complexity BP(Pr); nobody has presented any compelling
evidence thaBP(Pg) is not equal td®/poly.

There has also been some suggestion that peBBIg) is equal toPSPACE /poly. For instance, certain variants of the
RAM model that provide for unit-cost arithmetic can simulate alP6PACE in polynomial time [10, 37]. Since the Blum-
Shub-Smale model also provides for unit-time multiplication on “large” numbers, Cucker and Grigoriev [27] mention that
researchers have raised the possibility that similar arguments might show that polynomial-time computaffomayter
be able to simulat®SPACE. Cucker and Grigoriev also observe that certairveajpproaches to provide such a simulation
must fail.

One of our goals is to provide evidence tBat(Pr) lies properly betweeR /poly andPSPACE /poly. Towards this goal,
it is crucial to understand a certain decision problessSLP: The problem of deciding, for a given division-free straight-
line program, whether it represents a positive integitore generally, for a fixed finite subsgtC R, PosSLP(S) is the
problem of deciding for a given division-free straight-line program using constants§tog0, 1}, whether the real number
represented by it is positive. (For precise definitions, see the next section.)

The immediate relationship between the Blum-Shub-Smale model and the prdhle®is(S) is given by the proposi-
tion below.

Proposition 1.1 We havePP°sSLP(S) = BP(PZ) for all finite subsets C R. In particularPosSEP = BP(PY).

Proof. It is clear thatPosSLP(S) is in BP(Pg), since we can implement a standard SLP interpreter in the real Turing
machine framework and evaluate the result in linear time using unit cost instructions. The result is then obtained by one sign
test. To show the other direction, assume we have a polynomial time machin® agerg only the constants isiu {0, 1}.

By a usual argument (separate computation of numerator and denominator), we may assume without loss of generality that
the machine does not use divisions. Given a bit string as input, we simulate the computation by storing the straight-line
program representation of the intermediate results instead of their values. Branch instructions can be simulated by using the
oraclePosSLP(S) to determine if the contents of a given register (represented by a straight-line program) is greater than
zero. O



It was shown by Chapuis and Koiran [24] that algebraic constants do not help. More specifigadigqual to the class
of decision problems over the reals decided by polynomial time Blum-Shub-Smale machines using real algebraic numbers as
constants.

As already mentioned, by encoding the advice function in a single real constant, one can sHlpthatC BP(Pg).
The proof in fact shows evesSEF /poly C BP(Pg). The real constant encoding the advice function, will, of course, in
general be transcendental. Thus, there is a strong relationship between non-uniformity in the classical model of computation
and the use of transcendental constants in the Blum-Shub-Smale model. We conjecture that this relationship can be further
strengthened:

Conjecture 1.2 PPosSLP /poly = BP(Pg).

In Section 3 we present some preliminary results toward proving this conjecture. For instance we prBFQE’QS%) C

PPosSLP /0ly for almost alla € R, in the sense of Lebesgue measure. We also shoviBip@e,*}) ¢ PPesSLP /1 (one bit
of advice) if« is the value of an elementary function on a rational number. For instance this is the case for the well-known
transcendental numbetr 7.

1.2 The Task of a Numerical Analyst

The Blum-Shub-Smale model is a very elegant one, but it does not take into account the fact that actual numerical com-
putations have to deal witlinitely represented values. We next observe that even if we take this into accouPtsBieP
problem still captures the complexity of numerical computation.

Letu # 0 be a dyadic rational number. THi@ating pointrepresentation of is obtained by writing: = v2™ where
m is an integer and < [v| < 1. The floating point representation is then given by the sign,aind the usual binary
representations of the numbévsandm. The floating point representation®fs the string) itself. We shall abuse notation
and identify the floating point representation of a number with the number itself, using the term “floating point number” for
the number as well as its representation.

Letu # 0 be a real number. We may writeasu = «/2™ wherei < |v/| < 1 andm is an integer. Then, we define a
floating point approximation of with k significant bitsto be a floating point numbeR™ so thatjv — u/| < 2~ (*+1),

We will focus on one part of the job that is done by numerical analysts: the design of numerically-stable algorithms. In
our scenario, the numerical analyst starts out with a known fungti@nd the task is to design a “good” algorithm for it.
When we say that the functiofiis “known”, we mean that the analyst starts out with some method of computing (or at
least approximatingy; we restrict attention to the “easy” case where the method for compyitirges only the arithmetic
operationst, —, *, +, and thus the description gfthat the analyst is given can be presented as an arithmetic circuit with
operationst, —, x, +—. Usually, the analyst also has to worry about the problems that are caused by the fact that the inputs
to f are not known precisely, but are only given as floating point numbers that are approximations to the “true” inputs — but
again we will focus on the “easy” case where the analyst will merely try to compute a good approximafiomfor. . | z,,)

on the exact floating point numbets, . . . , z,, that are presented as input:
The generic task of numerical computation(GTNC): Given a straight-line progran® (with <), and given inputs
x1,... ,x, for P (as floating point numbers), and an integem unary, along with a promise tha®(z1, ... ,z,) neither

evaluates to zero nor does division by zero, compute a floating point approximation of the value of th&autput. | z,,)
with & significant bits.

The traditional approach that numerical analysts have followed in trying to solve problems of this sort is to study the
numerical stability of the algorithm represented by the circuit, and in case of instability, to attempt to devise an equivalent
computation that is numerically stable. Although stable algorithms have been found for a great many important functions, the
task of devising such algorithms frequently involves some highly nontrivial mathematics and algorithmic ingenuity. There
seems to be no expectation that there will ever be a purely automatic way to solve this problem, and indeed there seems
to be no expectation that a numerically stable algorithm will exist in general. To summarize, there is substantial empirical
evidence that the generic task of numerical computation is intractable. It would be of significant practical interest if, contrary
to expectation, it should turn out to be very easy to solve (say, solvable in linear time).

We show that the generic task of numerical computation is equivalent in powes$i.P.

Proposition 1.3 The generic task of numerical computation (GTNC) is polynomial time Turing equival€otil.P.



Proof. We first reduce&osSLP to the generic task of numerical computation. Given a division-free straight-line program
representing the numbé¥, we construct a straight-line program computing the value 2N — 1. The only input9), 1 of

this program can be considered to be floating point numbers and this circuit clearly satisfies the promise of the generic task of
numerical computation. TheN > 0if v > 1 andN < 0if v < —1. Determining an approximation afto one significant

bit is enough to distinguish between these cases.

Conversely, suppose we have an oracle solngSLP. Given a straight-line program with inputs being floating point
numbers, we first convert it to a straight-line program having only inpiitis easy to see that this can be done in polynomial
time. By standard techniques we move-alfjates to the top, so that the program computes a vatde), /ve, wherevy, vo
are given by division-free straight-line programs. We can use the oracle to determine the sigasdf-,. Without loss
of generality assume thatis positive. Next we use the oracle to determine,if> v,. Suppose this is indeed the case (the
opposite case is handled similarly).

We then find the least, so tha2"—! < v < 27, by first comparing; with 1222 fori = 0,1,2,3, ..., using the oracle,
thus finding the minimum so thatv < 22" and afterwards doing a binary search, again using the oracle to compare
92" for various values of. This takes polynomial time.

The desired output is a floating point numhes «'2", where|v — u’| < 2=+, To obtainu’ we first want to find the
integerw betweer2® and2*+1 — 1 so thatw/2F1 < v/2" < (w + 1)/2F*+1. Sincew /28! < v/2" < (w + 1)/2k L iff
w2 vy < 0128 < (w + 1)27v,, we can determine this by another binary search, uSifig) calls to the oracle. We then
output the sign of, the binary representation of the rational2**!, and the binary representationgftogether forming
the desired floating point approximation«af O

The reader may wonder how GTNC fits into the numerical analysis literature. The Long Exponent Model (LEM) of
Demmel [30, 31] offers the closest parallel. Demmel considers the classic problem of computation of the determinant, and he
identifies three ways of modeling the problem, which he calls the Traditional Model, the Short Exponent Model (SEM), and
the Long Exponent Model (LEM). Computing determinants is easy in the SEM, while in the LEM the problem is equivalent
to a special case of GTNC. Namely, it is equivalent to instances of GTNC where the €irthat is provided as input is the
polynomial-size SLP for determinants given by Berkowitz [9].

Demmel goes so far as to conjecture that, in the LEM, the problem of deciding if the determinant is zero is NP-hard [30].
Since this problem is actually a special cas&qfiSLP and thus lies in BPP, Demmel’s conjecture is almost certainly false.
However, we agree with his underlying intuition, in that we believe that the problem of deciding if the determpsitiis
in the LEM very likely is intractable (even if we see no evidence that it is NP-hard). That is, this special Cas&8loP is
recognized as a difficult problem by the numerical analysis community.

1.3 The Complexity of PosSLP

We consider Proposition 1.3 to be evidence for the computational intractabilRps<¥L.P. If PosSLP is in P/poly
then there is a polynomial-sized “cookbook” that can be used in place of the creative task of devising numerically stable
computations. This seems unlikely.

We wish to emphasize that the generic task of numerical computation modelstietecomputational problem that
underlies an important class of computational problems. Thus it differs quite fundamentally from the approach taken in the
Blum-Shub-Smale model.

We also wish to emphasize that, in defining the generic task of numerical computation,metemgaging in the debate
over which real functions are “efficiently computable”. There is by now a large literature comparing and contrasting the
relative merits of the Blum-Shub-Smale model with the so-called “bit model” of computing, and there are various competing
approaches to defining what it means for a real-valued function to be feasible to compute; see [11, 16, 17, 67, 68] among
others. Our concerns here are orthogonal to that debate. We are not trying to determine which real-valued functions are
feasible; we are studying a discrete computational problem that is relevant to numerical analysis, with the goal of proving
upper and lower bounds on its complexity.

The generic task of numerical computation is one way of formulating the notion of what is feasible to compute in a
world wherearbitrary precisionarithmetic is available for free. In contrast, the Blum-Shub-Smale model can be interpreted
as formulating the notion of feasibility in a world wheirginite precisionarithmetic is available for free. According to
Proposition 1.3, both of these approachesapgvalen{and captured bp°sS“F) when only algebraic constants are allowed
in the Blum-Shub-Smale model. Conjecture 1.2 claims that this is also true when allowing arbitrary real constants.

As another demonstration of the computational powdt@SLP, we show ing2 that the problem of determining the total
degree of a multivariate polynomial over the integers given as a straight-line program redbosSIi®.



The above discussion suggests tAatSLP is not an easy problem. Can more formal evidence of this be given? Although
it would be preferable to show thBbsSLP is hard for some well-studied complexity class, the best that we can do is observe
that a somewhat stronger probleBi{SLP) is hard for#P. This will be done irg2.

The above discussion also suggests that non-trivial upper bounBsd8ELP are of great interest. Prior to this paper, the
best upper bound wadSPACE. Our main technical result is an improved upper bound: We show, based on results on the
uniform circuit complexity of integer division and the relationship between constant depth circuits and subclBS&g &

[6, 39], thatPosSLP lies in the counting hierarchH, a well-studied subclass & PACE that bears more or less the same
relationship to#P as the polynomial hierarchy bearsN® [64, 66].

Theorem 1.4 PosSLP is in PPPPPPP.

Another interesting upper bound fBosSLP was recently discovered by Tarasov and Vyalyi [61], who give a reduc-
tion from PosSLP to th&emidefinite Feasibility ProbletSDFP), i.e. the feasibility version of the optimization problem
Semidefinite Programming heir result can be seen as a lower bound for SDFP. SDFP is known to reduce to its complement
and to lie inNPg [54]; also it is easy to see that SDFP reduces to the existential theory of the reals (for instance, see the
discussion in [54]), and thus SDFEPPSPACE.

We suspect thaPosSLP lies at an even lower level &fH. Note that, in presenting our upper bound, we do not exploit
some powerful techniques that have been proved useful in computing certain bits of exponentially large numbers [40]. We
leave as major open problems the question of providing better upper bourfelss&irP and the question of providing any
sort of hardness theorem, reducing a supposedly intractable problesaSbP.

Theorem 1.4, together with Proposition 1.1, imply tBdt(P2) C CH. It is reasonable to conjecture thaP(Pr) C
CH/poly — and indeed that would follow from Conjecture 1.2 — but as yet we are not able to improve the upper bound of
BP(Pgr) C PSPACE/poly that was presented by Cucker and Grigoriev [27].

We believe that it would be very interesting to verify Conjecture 1.2, as this would give a characteriz&8id(Paf) in
terms of classical complexity classes. But in fact, it would be equally interesting to refute it under some plausible complexity
theoretic assumption, as this would give evidence that the power of using transcendental constants in the sequential Blum-
Shub-Smale model goes beyond the power of non-uniformity in classical computation.

1.4 Applications

The Sum-of-square-roots probleisma well-known problem with many applications to computational geometry and else-
where. The inputto the problemis a list of integets . .. , d,,) and anintegek, and the problemis to decidef, \/d; > k.
The complexity of this problem is posed as an open question by Garey, Graham and Johnson [36] in connection with the Eu-
clidean traveling salesman problem, which is not known to bgRnbut which is easily seen to be solvableN® relative
to the Sum-of-square-roots problem. See also O’'Rourke [52, 53] and Etessami and Yannakakis [34] for additional informa-
tion. Although it has been conjectured [51] that the problem lid% ihseems that no classical complexity class smaller than
PSPACE has been known to contain this problem. On the other hand — by observing that one can construct a polynomial-sized
straight-line program with division that approximates the square root of any given integer with exponentially high precision,
using Newton iteration — Tiwari [62] showed that this problem can be decided in polynomial time on an “algebraic random-
access machine”. In fact, it is easy to see that the set of decision problems decided by such machines in polynomial time is
exactlyBP(PQ). Thus by Proposition 1.1 we see that the Sum-of-square-roots problem reditestd. Theorem 1.4
thus yields the following corollary.

Corollary 1.5 The Sum-of-square-roots problem and the Euclidean Traveling Salesman Problefitare in

2 Preliminaries

Our definitions of arithmetic circuits and straight-line programs are standararikimetic circuitis a directed acyclic
graph with input nodes labeled with the constahts or with indeterminatesy;, ... , X for somek. Internal nodes are
labeled with one of the operationss, —, x, +~. A straight-line programis a sequence of instructions corresponding to a
sequential evaluation of an arithmetic circuit. If it contains-n@peration it is said to bdivision free Unless otherwise
stated, all the straight-line programs considered will be division-free. Thus straight-line programs can be seen as a very



compact representation of a polynomial over the integers. In many cases, we will be interested in division-free straight-line
programs using no indeterminates, which thus represent an integer.

By then-bit binary representation of an integ¥rsuch that V| < 2" we understand a bit string of length+ 1 consisting
of asign bitfollowed byn bits encodingN| (padded with leading zeroes, if needed).

We consider the following problems:

EquSLP Given a straight-line program representing an integedecide whetheN = 0.
ACIT Given a straight-line program representing a polynonfiial Z[ X1, . .. , X}], decide whethef = 0.

DegSLP Given a straight-line program representing a polynorfii@ Z[ X1, ... , Xi], and given a natural numbéerin
binary, decide whetheteg f < d.

PosSLP Given a straight-line program representiNge Z, decide whetheN > 0.

BitSLP  Given a straight-line program representiNgand givem, i € N in binary, decide whether thih bit of then-bit
binary representation a@¥ is 1.

Itis not clear that any of these problems iirsince straight-line program representations of integers can be exponentially
smaller than ordinary binary representation.

There is an immediate relationship between the Blum-Shub-Smale model over the complex riimbéithe problem
EquSLP. Let P2 denote the class of decision problems o@edecided by polynomial time Blum-Shub-Smale machines
using only the constants 1. Similarly as for Proposition 1.1 one can show tR&f*SEF = BP(P2). On the other hand, it
is known that constants can be eliminated in this setting [12, 44], HBR¢Bc) = BP(P2). We therefore have

Proposition 2.1 PEIUSLY — BP(Pg).

Clearly,EquSLP is a special case fCIT. Sclonhage [57] showed th@tquSLP is in coRP, using computation modulo
a randomly chosen prime. Ibarra and Moran [41], building on DeMillo and Lipton [29], Schwartz [58] and Zippel [69], ex-
tended this to show thatCIT lies in coRP. In the spirit of Adleman’s observation [1], Heintz and Schnorr [38] established
the existence of nonuniform polynomial time algorithms for an algebraic variant of the ACIT problem (allowing any field
elements as constants). The probla@IT has recently attracted much attention due to the work of Kabanets and Impagli-
azzo [42] who showed that a deterministic algorithmA@& 1T would yield circuit lower bounds. (See [47] for some progress
on finding deterministic algorithms for certain versions of the problem.) As far as we know, although the proof technique that
we use in Proposition 2.2 is well-known and has been applied various times over the years [3, 60], it has not been pointed
out before thatACIT is actually polynomial time equivalent foquSLP. In other words, disallowing indeterminates in the
straight-line program given as input does not makd'T easier. Or more optimistically: It is enough to find a deterministic
algorithm for this special case in order to have circuit lower bounds.

Proposition 2.2 ACIT is polynomial-time equivalent tBquSLP.

Proof. We are given a straight-lige program of sizewith m indeterminatesXy, ... , X,,, computing the polynomial
p(X1,...,X,,). DefineB,, ; = 22" . Straight-line-programs computing these numbers using iterated squaring can easily
be constructed in polynomial time, so given a straight-line-program,fate can easily construct a straight-line program for
p(Bni,--- ,Bnm). We shall show that fon > 3, p is identically zero iffp(B,, 1, . . . , Bn,m) €valuates to zero.

To see this, first note that the “only if” part is trivial, so we only have to show the “if” part. Thus, assume that
p(X1,...,Xm) is not the zero-polynomial. Let(X;,...,X,,) be the largest monomial occurring inwith respect to

inverse lexicographic ordkand letk be the number of monomials. We can write- aq+2f:_f a;q;, where(g;)i=1,... k-1
are the remaining monomials. An easy induction in the size of the straight line program shommgaﬁ%’, k < 22" and
that the degree of any variable in agyis at mos2™.

Now, our claim is that the absolute valiig(B, 1, . .. , B..n)| is strictly bigger than >-" " aiqi(Bn1, ... , Bum)|,
and thus we cannot have thaB,, 1, ... , Bn.m) = 0.

1Xf1 < X is greater than‘(lﬁ1 e Xﬁ:" in this order iff the right-most nonzero componentof- 3 is positive, cf. Cox, Little and O’Shea [26,
p. 59].



Indeed, since the monomiglas the biggest in the inverse lexicographic ordering, we have that for any other monomial
g; there is an inde) so that

"n2
Q(Bn, 1y-- ) ¥

. > -
Qi(Bn,lv cee ;Bn, ) - Hg;ll 221”2'271

gn?-1

> 92"

aBn,m
m
so we can bound
k—1 )
> @iai(Buas. o s Bum)| <2222 | Maxai (Bus, ., Bow)|
=1

n _o2n n2_1
< 2222727 g(Bua,. o Bum)| < 4(Bags- o Bam) < 1ag(Bags .. Bam)l,
which proves the claim. O

We believe that Proposition 2.2 could be a useful tool for devising deterministic algorithms for ACIT. (See Section 5 for
one modest application in this direction.) Of course, it must also be acknowledged that multivariate polynomials exhibit a
great deal of structure that is not so apparent in computation over the integers (as embadttie§1bl), and algorithmic
attacks on ACIT should also attempt to exploit this structure.

The problemDegSLP is not known to lie inBPP, even for the special case of univariate polynomials. Here, we show that
it reduces tdPosSLP.

Proposition 2.3 DegSLP polynomial time many-one reducesRosSLP.

Proof. We first show the reduction for the case of univariate polynomials (i.e., straight-line-programs with a single indeter-
minate) and afterwards we reduce the multivariate case to the univariate case.

Let f € Z[X] be given by a straight-line program of lengthTo avoid having to deal with the zero polynomial of degree
—oo and to ensure that the image of the polynomial is a subset of the non-negative integers, we first change the straight-line
program computing into a straight-line program computinfg(X) = (X f(X) + 1)? by adding a few extra lines. We can
check if the degree of is at mostd by checking if the degree gf; is at mostD = 2(d + 1) (except ford = —oc in which
case we check if the degree fifis at mostD = 0).

Let B,, be the intege22"2. As in the proof of Proposition 2.2, we can easily construct a straight-line program computing
B,, and from this a straight-line program computiidB,,).

Now, suppose thateg f1 < D. Using the same bounds on sizes of the coefficients as in the proof of Proposition 2.2 and
assuming without loss of generality that> 3, we then have

D
" ) 2n n n n2
BB < 0 Bl < (20 4 12 BD < (0 4 157 B < g
=0

On the other hand suppose thlat; f; > D + 1. Then we have

D
n . n n n2
Fi(Br) > (B)PHL = 322" Bl > pDH1 92792972 gD+l 5 phil g
1=0

Thus, to check whetheteg fi < D, we just need to construct a straight-line-programZ¢y(B,,) — BP*! and check
whether it computes a positive integer. This completes the reduction for the univariate case.

We next reduce the multivariate case to the univariate case. Thus,deZ[X;,... ,X,,] be given by a straight-line
program of length. Let f* € Z[X4,..., X, Y] be defined byf*(X1,..., X, Y) = f(X1Y,..., X,,Y). We claim

in? . . . . .
that if we letB,,; = 22" as in the proof of Proposition 2.2, then, for> 3, the degree of the univariate polynomial
f*(Bna,--.,Bnm,Y)is equal to the total degree ¢f Indeed, we can writg* as a polynomial irt” with coefficients in
Z[Xq1, ..., Xm):

e
f*(le oo 7XM;Y) = Zgj(le oo aXm)Yj
j=0
whered* is the degree of variabl® in the polynomialf*. Note that this is also the total degree of the polynomial

f. Now, the same argument as used in the proof of Proportion 2.2 shows thatgginte not the zero-polynomial,
ga~(Bn1, Bn2,- .., Bnm) is different from0. O



As PosSLP easily reduces tBitSLP, we obtain the chain of reductions
EquSLP = ACIT <P, DegSLP <P, PosSLP <P BitSLP.
In §4 we will show that all the above problems in fact lie in the counting hiera€dthy
The complexity ofBitSLP contrasts sharply with that &fquSLP.
Proposition 2.4 BitSLP is hard for#P.

Proof. A similar result is stated without proof in [30]. The proof that we present is quite similar to thatrgi€ér [21,
Prop. 5.3], which in turn is based on ideas of Valiant [65]. We show that computing the permanent of matrices with entries
from {0,1} is reducible tdBitSLP.

Given a matrixX with entriesz; ; € {0, 1}, consider the univariate polynomial

fn = an,zyl =

n

I e,y )

i=1 j=1

which can be represented by a straight-line program of@iz€). Thenf,, »~_; equals the permanent &f. Let N be the

number that is represented by the straight-line program that results by replacing the indeteymirtate™” . It is easy to
see that the binary representationfh-_, appears as a sequence of consecutive bits in the binary representationof

Triggered by an earlier version of this paper [5], Koiran and Perifel [45] studied the variant of the priob§&hP for
computations of polynomials over the finite fidig. They proved a considerably better upper bound on this problem than
what is currently known foDegSLP. Also, Koiran and Perifel [45] investigated the probl&mro Monomial Coefficient
of deciding for a polynomialf given by a straight-line program and a given monomial whether the coefficient of this
monomial in f equals zero. For computations of polynomials over the finite figldthey mananaged to show that Zero
Monomial Coefficient isMod, P complete. However, for characteristic zero, no improvements upon the results in this paper
were made with that respect.

3 Transcendental Constants

We present here some first results toward establishing our Conjecture 1.2.
Let S denote a fixed finite subset Bf By anSLP overS we shall understand a division-free straight-line program using
constants fronf U {0, 1}. Recall the following problem:

PosSLP(S) Given an SLP ovef, decide whether the real number represented by it is positive.

Remark 3.1 We could have defined a variantBésSLP(S) by allowing divisions in the straight-line programs. However,
this variant is easily seen to be polynomial time equivaledtdsSLP(.S). Indeed, by computing separately with numerators
and denominators we can transform an SLP represeatintp two division-free SLPs representing numbdrs3 such that

a = A/B. Hereby, the length of the SLPs increases at most by a factor of four.cdNewositive iff AB is positive.

A result by Chapuis and Koiran [24] implies that algebraic constants can be eliminated. It can be stated as follows:

Proposition 3.2 Let.S C R be finite andv € R be algebraic over the field(S). ThenPTesSLP(SU{a}l) — pPosSLP(S)

Our first goal is to prove that almost all transcendental constants can be eliminated.

Theorem 3.3 Forall(ay, as, ..., ou) € R* exceptin a subset of Lebesgue measure zero welavd-r ({e1:exb) /poly =
PPOSSLP/pOIy.

The proof will require some lemmas. The idea is to eliminate one by one the elements of sughregliacing each
element with appropriate advice of polynomial size.

We denote byRS C R the set of all real numbers that occur as a root of some nonzero univariate polynomial that is
computed by a division-free straight-line program of sizbat uses constants 1 Note thafR \ R consists of a collection
of open intervals. Clearly, any univariate polynomial computed f%ioy an SLP of size: has constant sign on each of
these intervals. Far € R \ RS, we denote by ? (a) the unique interval containing.



Remark 3.4 A real numbew is transcendental ové}(S) iff « ¢ RZ for all n (or equivalently, for infinitely many).

Definition 3.5 We call a real numbes. approximable with respect t§ if either « is algebraic ovef)(S) or else ifa is
transcendental ove®(S) and satisfies the following condition: there exists a polynomialch that for all sufficiently
largen € N the intervall? () contains an element, that can be represented by an SLP oSenf sizep(n), possibly
using divisions. (Note that this interval is well-definedciag R?, cf. Remark 3.4.) We say thatis approximable iff it is
approximable with respect to the empty set.

Lemma 3.6 If o € R is approximable with respect &, thenPTosSLP(SU{e}) /poly = PPosSLE(S) /poly,

Proof. Supposex € R is approximable with respect 9. By Proposition 3.2 we may assume thais transcendental over
Q(S). Then, for all sufficiently large:, there existr,, € I («) computed by an SLIP,, over S (using divisions) of size
polynomial inn.

Itis sufficient to show thalPosSLP(S U {a}) is contained irPPosSLP(9) /poly. LetC be an SLP (of size) overS U {a}.
computingy € R. We want to decide whetheris positive. If we replace the constamtby the variableX, then this SLP
computes a polynomigl(X) and we have = f(«). Since the sign of is constant on the intervaf(n) (a), v has the same
sign asf (zp(n))-

We interpret the SL®,, over.S as an advice of polynomial size. By concatenafingwith the SLP forf, we obtain an
SLP overS that computeg'(x,,)). We eliminate the divisions in the concatenated SLP according to Remark 3.1. Then the
sign of this number is obtained by one oracle calPtaSLP(S). O

Lemma 3.7 We have:
1. |RE| < (6(n+|S])".

2. The minimal distance between two different elemen®'bfs at lease=2"" with N,, = O(nlogn).

Proof. Let F}, be the product of all nonzero univariate polynomigl¢hat can be computed from the variabteby an
SLP overS of sizen. Note that suclf have degree at mogt’. Then RS is the set of roots of,. There are at most
[T, 3(|S| +i—1)2 < (3(]S| + n)?)™ SLPs ovelS. Thereforedeg F,, < (6(|S| 4+ n)?)", which shows the first assertion.
Before showing the second assertion we introduce a notatiorjtglgt denote the sum of the absolute values of the
coefficients of a univariate polynomial It is easy to see thdlty - 2|1 < ||g|l1 - [|2]]1-
Suppose nows = (. If f(X) is computed by an SLP of size over () from the variableX, then one can show that
log || fll1 < (n+1)2™, see e.g. [20, Lemma 4.16]. By the submultiplicativity|df; we conclude

10g||Fn”1 < (3712)71, (n+ 1)2n < QO(nlogn).

Rump [55] has shown that the distance between any two distinct real roots in a univariate polyRoaiillinteger co-
efficients and degreé is at Ieale\/ﬁ(d%“(HPHl + 1)4)~L. The second assertion follows by applying this bound to the
polynomial F,,. O

Lemma 3.8 For any finiteS C R, the set of real numbers that are not approximable with respéchtas Lebesgue measure
zero.

Proof. Leta € R andz,, be the binary approximation of with a precision ofa? digits, i.e.,|a — x,| < 2-*. Clearly,
there is an SLP ovefl/2} of sizeO(n?) representing:,. Furthermore, suppose thathas distance at leagt™’ from RS
for all sufficiently largen, say forn > m. Thenz,, is contained in the intervdl? («) for n > m. Hence, by definitiong is
approximable with respect t8.

These reasonings show that foralle N:

B :={a € R| ais not approximable wrtS} C U U,

n>m



whereU,, ;== {z € R|Ip e RS |z —p| < 2*”2} denotes the —"’-neighborhood oS, Denoting by\(A) the Lebesgue
measure of a set C R, we get from Lemma 3.7

MU) < 2[R5| 27" <2(6(n+|S))r2~" <273

for sufficiently largen. Therefore, we conclude that for all sufficiently lange
> 2
1
AB) < Y2
Since the seriey | 2-32"" s convergent aneh was arbitrary, we conclude thatB) = 0. O

Proof of Theorem 3.3. We consider foro := (ay,...,a;) € RF and0 < i < k the complexity classe€;(a) :=
pPosSLP({au,...ai}) /poly. Clearly,Cr(a) # Co(c) implies thatC,(a) # Cs_1(a) for some index. By applying Lemma 3.6
to the set of constants = {a4, ... ,as_1} we obtain

k
{a € R¥ | (@) # Co(a)} € | {o € R¥ | a, is not approximable wrt{a, ... , s 1} } -
s=1
Lemma 3.8 says that, for fixed, ... ,a,_1, the sef{a, € R | as is not approximable wr{a, ... ,as—1}} has Lebesgue
measure zero. It follows from Fubini that the right-hand subs&*dfias measure zero as well, which shows the assertion.

We can actually prove for many specific real numbers that they are approximable. Indeed, quite surprisingly, for any
elementary functiorf (X) there exists a sequen¢&,, (X)) of rational functions such thak, (z) — f(x)| < 27" for all
x € [0,1], and such thaR,, (X)) can be computed by a straight-line program of polylogarithmic size (using divisions)¥rom
The elementary functions include the algebraic functions, the natural logarithm and the exponential function. For algebraic
functions, such approximating rational functions can be constructed with Newton’s method, see Kung and Traub [46]. For
the natural logarithm, the construction of such approximations relies on the AGM iteration going back to Gauss, Lagrange
and Legendre, which, in particular, gives very good approximations ©he latter algorithms were discovered by Brent [18]
and Salamin [56]. The book by Borwein and Borwein [15] provides a complete and in-depth exposition of this subject.

More precisely, we shall understand byedamentary functioa function built up from rational constants by finitely many
arithmetic operations, applicationsefp, In, and the operation of taking a solution of a polynomial equation. (For a formal
definition see [19].)

Theorem 3.9 Let« be the value of an elementary function at a rational number. Then:
1. «is approximable. In particular,= exp(1) andr are approximable.

2. We havePFosSLP(led) ¢ pPosSLP /1 where/1 means one bit of advice.

Proof. 1. By Lemma 3.7 we know that, = 2-2"" with N,, = O(nlogn) is a lower bound on the minimum distance
between two different elements ﬂ?, Note that there is an SLP ovét /2} of polynomial size computing,, (repeated
squaring).

Let « be as in the statement of the theorem. Without loss of generality we may assuméstiranscendental. According
to Borwein and Borwein [14, Table 1], for eaghthere is an SLP of size®(!) (using divisions) computing an approximation
an Of o that satisfiesa, — a| < %en. By checking the proofs (cf. Borwein and Borwein [15]) one sees that these SLPs are
uniform, i.e., they can be constructed in polynomial timexin

We claim that there exigt, € {0,1}, such thatz,, = a,, + bn%en lies in the interval[fi(a), and thus satisfies the
requirement in Definition 3.5. Heneeis approximable.

Indeed, le¥,, andr,, denote the left and right endpoint of the inter¥f{«) and denote byn,, := 1 (¢, +r,) its midpoint.
Consider first the case whetie< m,,. If a < a,,, thena,, < a + e, < m, + 1e, < r,, hencer,, := a, € I(a). Else if
an < a, thena < a, + ¢, < a + Le, <ry,, hencer, := a, + 3¢, € I2(a) does the job. In the case where> m,, one
argues similarly.

2. We follow the proof of Lemma 3.6. However, since the SLPs computing the approxinagtiare polynomial time
uniform, only one bit of advice (correspondingitg) is in fact needed to emulate the computation with O

We have not been able to find a specific number thptagablynon-approximable. It is quite possible that there are no
non-approximable numbers at all.
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4 PosSLP liesinCH

The counting hierarch¢gH was defined by Wagner [66] and was studied further by Toran [64]; see also [8, 6]. A problem
lies in CH if it lies in one of the classes in the sequefdg PPF | etc.

Theorem 4.1 BitSLP is in CH.

Proof. It was shown by Hesse et al. [39] that there are Dlogtime-uniform threshold circuits of polynomial size and constant
depth that compute the following function:

Input A numberX in Chinese Remainder Representation. That is, a sequence of values iideXeagiving thej-th bit of
X modp, for each primep < n?, whered < X < 2" (thus we viewn as an appropriate “size” measure of the input).

Output The binary representation of the unique natural nunibet prrime!p@z p whose value modulo each small prime
is encoded in the input.

Let this circuit family be denote{lD,, }.

Now, as in the proof of [6, Lemma 5], we consider the following exponentially-big circuit fafiily}, that computes
BitSLP.

Given as input an encoding of a straight-line program representing int&geve first build a new program computing
the positive integeX = W + 22", Note that the bits of the binary representatiomiofincluding the sign bit) can easily be
obtained from the bits ok .

Level 1 of the circuitE,, consists of gates labeldg, j) for each primep such thapp < 22" and for eachy : 1 < j <
[log p]. The output of this gate records tlith bit of X mod p. (Observe that there are exponentially many gates on level 1,
and also note that the output of each gatej) can be computed in time polynomial in the size of the binary encodipg of
and the size of the given straight-line program representinijlote also that the gates on Level 1 correspond to the gates on
the input level of the circuiDy2n.

The higher levels of the circuit are simply the gate€Xt...

Now, similar to the proof of [6, Lemma 5], we claim that for each constianihe following language is in the counting
hierarchy:L, = {(F, P,b) : F'is the name of a gate on levébf E,, andF' evaluates td when given straight-line program
P asinput.

We have already observed that this is true wiiea 1. For the inductive step, assume tliate CH. Here is an algorithm
to solve L, using oracle access ;. On input(F, P,b), we need to determine if the gakeis a gate ofE,,, and if so,
we need to determine if it evaluatesiton inputP. F'is a gate ofF,, iff it is connected to some gat& such that, for some
b, (G, P,b') € Ly. This can be determined NPZe C PP, sinceD,, is Dlogtime-uniform. That is, we can guess a gate
G, check that is connected td” (this takes only linear time because of the uniformity condition) and then use our oracle
for Ly. If F'is a gate ofE,,, we need to determine if the majority of the gates that feed into it evaluate to 1. (Note that all of
the gates inD,, are MAJORITY gates.) That is, we need to determine if it is the case that for most bit srisgesh thatz
is the name of a gate that is connectedtdG, P, 1) is in L,. This is clearly computable iRPX.

Thus in order to computBitSLP, given progranP and index, compute the nameg of the output bit of,, that produces
theith bit of N (which is easy because of the uniformity of the circuilg-) and determine ifF, P,1) € L4, whered is
determined by the depth of the constant-depth family of circuits presented in [39]. O

Theorem 4.1 shows th&® (P2) lies inCH. A similar argument can be applied to an analogous restriction of “digitag
(i.e., where nondeterministic machines over the reals can guess “bits” but cannot guess arbitrary real nunomggssgr B™
and Cucker [23] present some problem®BPACE that are related toountingproblems oveR. It would be interesting to
know if these problems lie iQH.

Although Theorem 4.1 shows th&itSLP and PosSLP both lie in CH, some additional effort is required in order to
determine the level dfH where these problems reside. We present a more detailed analyRBis#rP, since it is our main

ppPP
concern in this paper. (A similar analysis can be carried ouBfe8L.P, showing that it lies iPHPP [71)
A
The following result implies Theorem 1.4, since Toda’s Theorem [63] show$®#fdl C PPP* for every oracled.

Theorem 4.2 PosSLP € PHPP™ .
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Proof. We will use the Chinese remaindering algorithm of [39] to obtain our upper bourd<#1.P. (Related algorithms,
which do not lead directly to the bound reported here, have been used on several occasions [2, 28, 33, 48, 49].) Let us
introduce some notation relating to Chinese remaindering.

Forn € N let M,, be the product of all odd primesless thar2™”. By the prime number theorer22” < M,, < 92" !
for n sufficiently large. For such primeslet h,, ,, denote the inverse df/,,/p mod p.

Any integer0 < X < M, can be represented uniquely as a (i8}), wherep runs over the odd primes < on’
andx, = X mod p. Moreover,X is congruent to)  x,h;, » M, /p moduloM,. HenceX/M,, is the fractional part of

Zp Tphp,n/p-
Define the family of approximation functiongp,,(X) to be_  B,, whereB,, = x,hy,,0p,» andoy, , is the result of

truncating the binary expansion ofp after2"” bits. Note that fom sufficiently large andX < M,,, app,,(X) is within
’IL3
272" of X/M,,.
Let the input toPosSLP be a progran® of sizen representing the integé¥” and puty;, = 22". Since|WW| < Y,,, the
numberX := W +Y,, is nonnegative and we can easily transfaPrinto a program of sizén + 2 representing{. Clearly,

W > 0iff X >Y,. Note thatifX > Y,,, thenX /M, andY,,/M,, differ by at leastl /M, > 2-2""*" \vhich implies that
it is enough to compare the binary expansionsgf,,(X) andapp,(Y,,). (Interestingly, this seems to be somewhat easier
than computing the bits oY directly.)

We can determine ifX > Y, in PH relative to the following oracle:A = {(P, j,b,1") : the j-th bit of the binary
expansion ofipp,, (X ) is b, whereX is the number represented by straight-line progfaandj is given in binary. Lemma

4.3 completes the proof by showing théte PHPP" . O

Lemma4.3 A € PHPP™ .

Proof. Assume for the moment that we can show tBae PHP", whereB := {(P,7,b,p,1™) : the j-th bit of the binary
expansion oB, (= zphp n0p.1) iSb, wherep < 27* is an odd primez, = X mod p, X is the number represented by the
straight-line progran®, andj is given in binary. In order to recognize the se, it clearly suffices to compu‘@”4 bits of

the binary representation of the sum of the numligys A uniform circuit family for iterated sum is presented by Maciel
and Tlerien in [50, Corollary 3.4.2] consisting of MAJORITY gates on the bottom (input) level, with three levels of AND

and OR gates above. As in the proof of Theorem 4.1, the construction of Maciel anieé™hmmediately yields aHPP”
algorithm for 4, by simulating the MAJORITY gates ByPZ computation, simulating the OR gates above the MAJORITY

PP - - - : pB pPPH 5 PPPP
gates byNP computation, etc. The claim follows, since by Toda's Theorem f3f" < PH = PH It
remains only to show thak € PHPP. O

Lemma 4.4 B € PHPP,

Proof. Observe that giveQP, j, b, p) we can determine in polynomial timegfis prime [4], and we can compuis.
In PH C PPP we can find the least generatgrof the multiplicative group of the integers mpdThe seC' = {(q, g,, i, p)
. p # g are primes and is the least number for whicyfj = ¢ mod p} is easily seen to lie i’H. We can compute the

discrete log base, of the numbei,, /p mod p in #PC C PPP by the algorithm that nondeterministically guessesd;,
verifies that(q, g,, ¢, p) € C, and if so generatesaccepting paths. Thus we can compute the numfgfp mod p itself in
PPP by first computing its discrete log, and then compugpdo that power, mog. The inversé, ,, is now easy to compute
in PPP, by finding the inverse ol/,, /p modp.

Our goal is to compute thgth bit of the binary expansion of,h,, .o, .. We have already computeg andh,, ,, in PPF,
so it is easy to compute, h,, ,. Thejth bit of 1/pis 1 iff 2/ mod p is odd, so bits o¥,, ,, are easy to compute in polynomial
time. (Note thay is exponentially large.)

Thus our task is to obtain thgth bit of the product ofz,h, ,, ando, ,, or (equivalently) adding,, ,, to itself z,h, ,,
times. The problem of addingg®™" n manyn-bit numbers lies in unifornAC° [32]. Simulating thes&\C® circuits leads
to the desired®H"" algorithm for B. O
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5 An Observation on DerandomizingACIT

The connections between algebraic complexity and the counting hierarchy in the preceding section were first introduced
in an earlier version of this paper [5]. Recently, these connections have led to further developmegisseBshows in [22]
that the counting hierarchy provides a useful tool for showing implications among several hypotheses in algebraic complexity
theory that were not previously known to be related. In that same paper, he also improves a theorem of Koiran, relating the
arithmetic circuit complexity of the permanent to a frequently-studied question about the complexity of exptésgilg
have some new observations to present on this topic, and start by recalling some background and definitions.

We will follow the terminology of Shub and Smale [59], and say thhis “easy if there is a sequence of SLRS, of
sizelog® n, whereC,, represents the numbet. Following the same convention, we say thatis “ultimately easyif
there is a sequence of SLP%, of sizelogo(l) n, whereC,, represents a nonzero multiple of the numher (It does not
matter which multiple is represented.) Shub and Smale conjectured!tighot ultimately easy, and they showed that this
condition implies thaP¢ # NPc. Itis also pointed out in [13] that if factoring is sufficiently hard to compute, it implies that
n! is not easy. There are a number of papers that touch on the questions of whethen'losreatsy or ultimately easy. The
reader is referred to [25, 22, 13] for more references. A goal of this section is to relate these questions to the complexity of
ACIT.

Note that ifn! is not ultimately easy, it says merely that there iafenitely manyn for which multiples ofr! require large
circuits. It may be useful also to consider the hypothesis that this condition holdb fargen: that is, for all there is an
m such that for al > m, there is no SLP of sizlg” n representing a nonzero multipleof Let us call this condition #!
is ultimately hard”.

The following implications are known to hold:

n! is ultimately hard=- n! is not ultimately easy=- n! is not easy
= the permanent requires arithmetic circuits of superpolynomiaksiZ&-IT < [, . jio-[DTIME (27,

where io-[DTIME(¢(n))] denotes the class of problemsfor which there is a deterministic algorithm running in ti{e)
that solvesA correctly for all instances of length, for infinitely manyn, and where AFIT denotes Arithmetic Formula
Identity Testing: a special case of ACIT. The third implication is from [22], the fourth is from [42, Theorem 7.7]. Deran-
domization results such as those of [42] usually come in two flavors. If one assumes that a particular function (such as
the permanent) is hard on infinitely many input lengths, then one obtains only algorithms that work correctly on infinitely
many input lengths. One can also obtain an algorithm that works correctly on all input lengths, if one starts with a stronger
assumption, such as that the permanent requires large circuits on all input lengths.

It has not been known whether any of these hypotheses are sufficiently strong to deraniiOifiizéself, although it is
known that ifACIT is in (.. ,DTIME(2"") (or even in()..,NTIME(2"")), then either the permanent requires arithmetic
circuits of superpolynomial size, ?FEXP Z P /poly [42]. We observe now that the following implication holds.

Proposition 5.1 We have the following:

1. Ifn!is ultimately hard, theACIT € () . ,DTIME(2"").

>0

2. Ifn! is not ultimately easy, theACIT € ) . io-[DTIME (2')].

Proof. We prove only the second claim. The first is easier, and follows by the same method.

First note that by Proposition 2.2, it is sufficient to prove the implicatiorffguSLP instead ofACIT. Assume that!
is not ultimately easy. Then for eveky there is an infinite sel(k) of numbers such that for ath € I(k) no SLP of size at
mostlog® m can produce a nonzero multiple of.

Givenke > 0, pick any~ such tha) < v < e. Choosek to be the least integer larger théyry. For anym € I(k) put
n = |log" m|.

Suppose we are given as input an SERf sizen. Note that the binary encoding ef has length at most'/* — but we
do not know whatn is. Thus we try all numbers having binary encoding of length at mast'* (one of which will bem).
We then compute the binary representation!ofith the obvious algorithm, which takes time at me%logo(l) z, which is
less thar2™” for sufficiently largen. Then we evaluate the SL® moduloz!; we accept iff the result is zero for all of the
numbers:. This algorithm works correctly, since by our assumption, the EL&annot produce a nonzero multiplesef.
The running time i) 20(") ‘which is less thaa™" for all largen. O
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We remark that this proof makes use of no special properties of the factorial function. As one of the referees has pointed
out to us, the same upper bound follows if there is any sequence of nuifatges$ such that the binary representation of
a(n) can be computed from in time polynomial inm, the length of the binary representatiorugf.), such that no multiple
of a(n) can be represented by an arithmetic circuit of iz’ m. If we drop the requirement thatn) be computable
in time polynomial inm, then a simple counting argument (or Kolmogorov complexity argument) showstsihumbers
a(n) have this property.

6 Closing Remarks

NP-hardness is firmly established as a useful tool for providing evidence of intractibility. We believeotfsdtP can
become a useful tool for providing evidence of intractibility for problems that do not appeaiNtB-hard, and for providing
evidence that certain problems do not lieNR or reduce td\P. Indeed, results of this flavor have already started to appear:
Etessami and Yannakakis have recently shownhafLP reduces to the problem of finding mixed strategy profiles close
to exact Nash equilibria in three-person games [35], i.e., they show that this fundamental but very challenging numerical
problem of computational game theoryRssSLP-hard. We may regard thiBosSL.P-hardness result as evidence that the
problem is notNP-easy. In contrast, the related, weaker, and much less elusive notion of computing a strategy profile
approximately satisfying the equilibrium conditions, is trivialyr-easy. It would be most interesting to establish similar
PosSLP-hardness results for other natural numerical problems in the computational sciences (e.g., computational physics)
for which no efficient and "fool-proof’ methods, even non-deterministic ones, are known but which also do not appear to be
NP-hard.

There are several directions for further research suggested by the results that we have presented. We would very much
like to see a resolution of our Conjecture 1.2, and we think that it is likelyRh&8LP lies at a lower level of the counting
hierarchy than is proved in Theorem 1.4. Perhaps better upper bounds can be presented at least for the sum-of-square-roots
problem. Can better evidence be presented for the intractibiliBoe$LP? Can some important problemshiPr (such as
the existential theory of the reals) be shown to lie in the counting hierarchy?
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