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Abstract

We study the complexity of restricted versions-@fconnectivity, which is the standard complete problemNar In
particular, we focus on different classesplnargraphs, of which grid graphs are an important special case. Our main
results are:
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Reachability in graphs of genus one is logspace-equivalent to reachability in grid graphs (and in particular it is
logspace-equivalent to both reachability and non-reachability in planar graphs).

Many of the natural restrictions on grid-graph reachabili§GR) are equivalent undeAC® reductions (for instance,
undirectedGGR, outdegree-on&GR, and indegree-one-outdegree-oB&R are all equivalent). These problems are

all equivalent to the problem of determining whether a completed game position in HEX is a winning position, as
well as to the problem of reachability in mazes studied by Blum and Kozen [BK78]. These problems provide natural
examples of problems that are hard €' underAC® reductions but are not known to be hard fgrthey thus give
insight into the structure df.

Reachability in layered planar graphs is logspace-equivalent to layered grid graph reachabB@R). We show
thatLGGRlies in UL (a subclass oRNL).

Series-Parallel digraphs (on which reachability was shown to be decidable in logspace by Jakoby et al.) are a spe-
cial case of single-source-single-sink planar directed acyclic graphs (DAGS); reachability for such graphs logspace
reduces to single-source-single-sink acyclic grid graphs. We show that reachability on such grid Af&pfesiuces

to undirectedGGR

We build on this to show that reachability for single-source multiple-sink planar DAGs is solvdble in

Introduction

raph reachability problems play a central role in the study and understanding of subcla3s@$hefs-t-connectivity

problem for directed graphs{CoNN) is complete for nondeterministic logspadéL(; the restriction of this problem to

undi
has
outd

rected graphs, calledd3ConN, was shown by Reingold to be complete for logspdge[Rei05]; thus this problem
the same complexity as th&-connectivity problem for graphs of outdegree 1 (and even for graphs of indegree and
egree at most 1 [CM87, Imm87, Ete97]. It follows from [Bar89] that reachability in directed graphs ofG\ititior

even width five, with outdegree 1) is complete €.
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1.1 Planar Graphs

Our focus in this paper is the restriction 8fCONN to planar (directed) graphs:LRNAR.STCONN. This problem is
hard forL under uniform projections, as a consequence of [Ete97], and it lid& irAlthough there are a number of papers
presenting efficient algorithms for connectivity in planar graphs (such as [Hus9598) HKRS97)), little is known about
the computational complexity of this problem. Prior to our work, the best upper bound knownAarR.STCONN was
NL. Building on our work, Bourke, Tewari, and Vinodchandran recently showed that the GGR problem studied here is in
Unambiguous Logspac&J() [BTVO07]. It follows that the class of problems!°s-reducible to RANAR.STCONN can be
viewed as a complexity class lying betwdeandUL.

Grid graphsare an important restricted class of graphs for which the reachability problem has significant connections to
complexity classes. (The vertices in a grid graph are a subdit »fIN, and all edges are of the for(w, j) — (i + b, )
or (i,5) — (4,4 + b), whereb € {1,—1}.) In [BLMS98], Barringtonet al. showed that the reachability problem in
(directed or undirected) grid graphs of widtrcaptures the complexity of depthAC®. In this paper we study grid graphs
without any width restrictions. The construction of [BLMS98, Lemma 13] shows that GGR reduces to its complement via
uniform projections. (The problensrCoNN and UsTCONN also reduce to their complements via uniform projections, as a
consequence of [Imm88, Sze88, Rei05, NTS95].) Reachability problems for grid graphs have proved easier to work with than
the corresponding problems for general graphs. For instance, the reachability problemdifectedgrid graphs (UGGR)
was shown to lie il in the 1970’s [BK78], although more than a quarter-century would pass before Reingold proved the
corresponding theorem for general undirected graphs.

We show that PANAR.STCONN is logspace-equivalent to GGR (and consequently it is logspace-reducible to its com-
plement). (It had already been shown in [HRS93] that a special case/fAR.STCONN is logspace-reducible to its
complement.) We do not know whether this reduction can be accomplished by uniform projections or dl@heguc-
tions; in contrast to the case ferCoNN, USTCONN, and GGR. We also show that the&-connectivity problem for graphs
of genus one is logspace reducible taRAR .STCONN; the generalization for graphs of higher genus remains open.

1.2 Restrictions of Grid Graphs

We consider several natural restrictions of GGR in this paper. We have already mentioned UGGR (undirected grid graph
reachability). Buss has studied UGGR in connection with tautologies arising from the game of HEX [Bus06] (namely, the
tautology that every completed game board of HEX has a winner); he credits Barrington with the observation that UGGR is
equivalent to the problem of determining whether a given completed HEX board position is a win for one player. Reachability
in grid graphs of outdegree one (1GGR) is another restriction on GGR that is clearly solvable in logspace.

One of our theorems is that UGGR and 1GGR are equivalent ux@ereductions (and even under first-order projections).

We show that these problems are hardN@r', and thus this gives a cluster of natural problems that are candidates for having
complexity intermediate betweC' andL, since even the general GGR problem is not known to be hard fioderAC’
reductions.

A graph is said to béayeredif the vertex set is partitioned into “layers”, where all edges from vertices in laperve
destinations in layei + 1. Just as general GGR is logspace-equivalent to reachability in planar digraphs, we observe that
reachability inlayeredplanar digraphs is logspace equivalent to the “layered” grid graph reachability problem (LGGR). In
an instance of LGGR, all edges are directed either “east” or “south”. Thus without loss of generality, the start node is in the
top left corner. If such a grid graph is rotated 45 degrees counterclockwise, one obtains a graph whose “columns” correspond
to the diagonals of the original graph, wheris the only node in the first “column”, and all edges in one column are directed
“northeast” or “southeast” to their neighbors in the following column. This is consistent with the usual usage of the word
“layered” in graph theory.

We show that LGGR lies in a subclassME known asUL. That is, LGGR is accepted by a nondeterministic logspace
machine that never has more than one accepting computation path on a given input. Note that the the improvement from
toUL is, at best, a very slight improvement; it is known [RAQO] that the non-uniform versiods ahdNL are the same, and
it is entirely plausible that the classes themselves are the same. In particular, it is shown in [ARZS8&] thaflL if there
is any problem irDSPACE(n) that requires circuits of exponential size. We actually show that LGGR liei.in coUL,
since (in contrast to nearly all of the other reachability problems we consider) it remains open whether LGGR reduces to
its complement. (Note also that it remains open whetfier= coUL.) The work of Bourkeet al. [BTV07] showing that
PLANAR.STCONN € UL builds on this theorem of ours. Subsequently, has been shown to contain other graph-theoretic
problems of interest [TWO08]. Some other examples of reachability problebik iere presented earlier by Lange [Lan97];



these problems are obviously Wi (in the sense that the positive instances consist of certain graphs that contain only one
path froms to t), and the main contribution of [Lan97] is to present@npletenesgesult for a natural subclass bfL..

In contrast, positive instances of LGGR can have many paths frtort. We know of no reductions (in either direction)
between LGGR and the problems considered in [Lan97].

1.3 Reachability Problems in Logspace

Jakoby, Liskiewicz, and Reischuk showed that reachability in series-parallel digraphs is solvable in logspace [JLRO6],
thus solving the reachability question for an important subclass of planar directed graphs. (They also show the much stronger
result thatcountingthe number of paths betweerandt¢ can be carried out in logspace for series-parallel graphs.) Series-
parallel digraphs are a special case of planar directed acyclic graphs having a single source and single sink. Motivated by a
desire to solve the reachability problem for a larger class of planar DAGs, we introduce the following three classes of DAGs:

e Single-Source Single-Sink Planar DA@SPDSs): the class of DAGs having one vertex of indegree zero and one vertex
of outdegree zero. Reachability in SSPDs generalizes the problem of reachability in series-parallel digraphs studied in
[JLROS].

e Single-Source Multiple-Sink Planar DAGSMPDs): the class of DAGs having one vertex of indegree zero. Reach-
ability in such graphs is clearly equivalent to reachability in Multiple-Source Single Sink DAGs (MSPDs) by simply
reversing all of the edges.

e Multiple-Source Multiple-Sink Planar DAGMMPD). This is simply the class of all planar DAGs.

We show that the SMPD reachability problem (and hence also that for MSPD) lies in logspace. In addition, reachability in
SSPDs, restricted to grid graphs, is reducible to UGGR. Our algorithmic approach for SMPD extends to certain classes of
graphs that are not acyclic. This is discussed in more detail in Section 9.

The rest of the paper is organized as follows. After a few preliminaries (Section 2), we begin by presenting results related
to PLANAR.STCONN. In Section 3 we show thattRNAR .STCONN reduces to a special case whendt lie on the external
face. This is useful in presenting our reduction froohRRAR .STCONN to GGR in Section 4. In Section 5 we prove a closure
property of the class of sets logspace reduciblettaNAR .STCONN, and then in Section 6 we show that planar reachability
is equivalent to reachability in genus one graphs. Next, in Section 7 we introduce the various restricted grid graph problems
that we will be considering, and present reductions showing how these problems relate to each other. In Section 7.3 we
present a generic reduction showing that, for many of the problems we consider, it is no loss of generality to assume that
s andt appear on the external boundary of the graph. (In some sense this is reminiscent of the results of Section 3). Our
hardness results are presented in Section 8. Our logspace algorithms for SSPD and SMPD are presented in Section 9. We
conclude with open questions in Section 10.

2 Classes and Reductions

We assume familiarity with the following important subclasses of nondeterministic logdpaged ( NC*, TC?, andAC’.
When defining notions of reducibility and completeness in order to investigate the structure of such small complexity classes,
some form ofAC? reducibility is usually employed. We will frequently make use of the terminology and notation employed
by Immerman [Imm98], which exploits the close connections betwe@hand first-order logic. In particulaAC®-Turing
reducibility (gf}co) to a setd can be defined equivalently in termsA€° circuits augmented with “oracle gates” fdr, or
in terms of first-order formulae withl as a built-in predicate symbol applied to a structure defined in first-order. For details
refer to [Imm98]. For this reason, we sometimes refegt?x;?0 reductions a$O reductions. The class of problenjé}CU
reducible toA is sometimes denoted &© + A.

Immerman also gives good motivation for studying a restricted forrgiﬁ0 reductions calledirst-order projections
(gggj). These can be visualized as many-one reductions computed by first-order uniform ¢tiamintg no gategother
than NoT gates); thus each bit of the output is either a constant or is a copy (or a negated copy) of one bit of the input. For
example, the class depthAC" is closed under these reductions.



Figure 1. Cutting along a st path

3 Planar Reachability: Reduction to a Special Case

Theorem 1 PLANAR.STCONN is logspace reducible to the special case where the vertigesl ¢ both lie on the external
face of the planar graph.

Proof: LetG be a directed graph. Testing whetligiis planar reduces to the undirected-connectivity problem [AM04]

and thus can be done in logarithmic space [Rei05]. Furthermore, if a graph is planar then a planar combinatorial embedding
(i.e., a cyclic ordering of the edges adjacent to each vertex) can be computed in logarithmic space [AM04]. Given a combina-
torial embedding, it is easy to check whether two vertices lie on the same face. (The vertices on each face adjacent to a vertex
v can be enumerated by starting at some (undirected) edge adjaceanhtbstarting a walk fromy along that edge; each

time a new vertexv is entered along some edg¢he walk continues along the edge that succeddshe cyclic ordering of

edges around.) Thus in logspace we can check wheth@mdt lie on the same face. If so, then the gra@lis already in

the desired form, since we can consider any face to be the “external” face in the embedding.

If s andt do not lie on the same face, then by use of the undirected connectivity algorithm we can determine whether there
is an undirected path fromto ¢. If there is no such path, then clearly there is no directed path, either. Otherwise (as observed
in [AMO4]) we can find a simple undirected path= (s, v1,va, ..., vn,t) in logspace. First, we construct a new face with
andt on it, by “cutting” along the patf®. That is, we replace each vertexon P by verticesy; , andv;, ;. For any vertex;
onP, letu andz be the vertices appearing before and aftesn P; thatis,u € {s,v;—1} andz € {t,v;11}. Letey,...,eq,
be the edges embedded “above” the edges connegtittgu andx in the cyclic ordering around;, and letey, ..., e; be
the edges embedded “below” the edges betweamdw andx. That is, if an observer moves along the undirected path from
stot, edges;,...,eq, appear on the observer's left and edges . ., efib appear on its right. Lef be the set of all edges
adjacent tdP embedded on the observer’s left, and/Rebe the set of all edges adjacentfoembedded on the observer’s
right. In the new graph, the edges/nthat were connected tq are connected to; , and those irR are connected to; ;.

Edges between; and{v;+1,v,—1} are duplicated, with edges between. and{v; 1 ,v;—1.} for ¢ € {a,b}. Similarly,
edges betweenandv; (andt andv,,) are duplicated, with edges betweeandv, , andv, ;, (and edges betweéranduv,, ,
andwv,, p, respectively). This is illustrated in Figure 1.

This new graphG’ is planar, and has verticesandt on the same face (the only new face created). Since we can embed
any planar graph such that any specific face is the outer face, we re-embed ou6gapth thats and¢ are now on the
outer face. From now on we assui@i€has this embedding.

In the process of going frof¥ to G’ we may have changed the connectivity of the grapéind¢ may be connected i@
but not connected i6”'. In particular, any directed path @& from s to ¢ that uses edges froboth £ andR is not replicated
in G’. We solve this problem by pasting together copies of the gt@plas follows. The outer face @’ consists of two
undirected paths fromto ¢: s,v1,4,v2,4;- -, Um,a,t @NAs, V1 p, V2, ..., Ump, t. The operation of “pasting” two copies of
G’ together consists of identifying the verticeg,, va.q; - - ., Um,q IN ONE copy with the vertices, ;,vap,. .., vmp iN the
other copy. (Note that this amounts to “sewing together” two copies of the path that were “cut apart” in afédtom G.)

The graphG” consists o2n + 1 copies ofG’ pasted together in this way: the “original copy” in the middle, antbpies
pasted in sequence to the top boundary of the outer face; angdies pasted in sequence to the bottom boundary.

G" has (the original copies of) andt on the outer face. A simple inductive argument shows that there is a directed
path froms to ¢ in G if and only if there is a directed path from (the original copy efjo one of the copies of in G”.



Figure 2. A pathological case

A pathological example showing that many copiesifare needed is shown in Figure 2. To complete the reduction, we
construct a grapli/ that consists ofi”’ along with a new vertex’ with directed edges from each copytdb t”. The vertices
s andt” appear on the external face Hf, and there is a directed path fronio ¢ in G if and only if there is a directed path
fromstot” in H.

a

Later in the paper, we find it useful to prove a similar theorem about grid graphs. Hence the material in Section 7.3 has a
very similar flavor to the material presented here.

4 Grid Graphs

In this section, we presentel°® reduction of RANAR.STCONN to GGR.

Using the reduction of Section 3, we may assume that we are given a planar(@naph s andt on the external face.
By the following simple local transformation we can eliminate any bidirectional edgés; 4 and(y, =) are both edges in
the graph, introduce two new verticesandv and replace those two edges with «), (u,y), (y,v), and(v, ) — note that
this transformation preserves planarity of the graph. We may also assume without loss of generdlitijabato vertex of
degree (indegree + outdegree) greater than 3, and; thas$ degree two. (To see this, observe thati a vertex of degree
d > 3, then we may replace with d vertices arranged in a directed cycle, with each one adjacent to one dfdtiges
that were connected to. In order to compute this transformation it is important to note that we can compute the planar
embedding in logspace. If the vertexhas degree three, then an additional vertex of degree two can be inserted into this
cycle, and re-namesl)

Compute an (undirected) spanning ttBef G; it follows from [NTS95, Rei05] that this can be done in logspace. The
vertexs is a vertex off’, and we can consider it to be the rootigfwithout loss of generality has two children irf". By our
assumptions ol the treeT’ is a binary tree; the planar embedding@imposes an ordering on the children of each node
in T. As observed in [AMO04], we can compute the heiglit) of each node in T' in logspace (by counting the number of
vertices that are ancestors«f For notational convenience, define the height of the gdotbe 1, and ifv has childu then
h(u) = h(v) + 1.

At this point, we are ready to assign each vertexGao a grid point. Our grid graph will consist of a “fine grid” and a

“coarse grid”. The coarse grid consists of points placed at the corners of large squares(bf $i2¢ x (4n + 1)) of the fine
grid. (The fine grid will be used to route non-tree edges between vertices placed on the coarse grid.) For anygefoue
w(z) to be the number of leaves @fthat appear strictly to the left af. In other words, given a nodein the tree, consider
the path from the root to the parent ofc. Among these proper ancestorsaotonsider the subsétz(x) of those nodes
which containz in their right subtree. Thew(z) is the sum of the number of leaves in each subtree rooted at anods;.
For two nodes: andy at the same height, whetér, y) is the least common ancestorafy, then (assuming that lies in
the left subtree of(z,y)), Sr(x) — Sr(y) consists of some proper descendants(ofy) while Sr(y) — Sr(x) certainly
containd (z,y). Soin factw(x) < w(y). In fact, the right-most leaf of the left subtreelét, y) is counted inw(y) but not
inw(z). Henceaw(x) < w(y). Notice that the assumption thatx) = h(y) is crucial because if, for example,is the left
child of y thenw(x) = w(y). Thus the partial order on nodesmposed by the lexicographic order oh(x), w(z) + 1) is,
in fact, a total order. It is easy to see that:) can be computed easily in logspace by traverding



Figure 3. Embedding a graph on the grid. Edges used in the spanning tree are shown as dashed
lines; non-tree edges are solid.

Each vertex: is assigned to the poirif(x),w(z) + 1) in the coarse grid; note that the roots placed at the top left
corner(1,1). (Note that here and elsewhere in the paper, we consider the pasiivection to be “down” or “south”, and
the positivey direction to be “right” or “east”.) If node: is at position(z, j) in the coarse grid, then the tree edge frono
its left child is embedded as a vertical path to pdint 1, j) in the coarse grid. If also has a right chilg, then this edge is
embedded as a horizontal path to locatjanu(y) + 1) followed by a vertical path to locatiofi + 1, w(y) + 1) in the coarse
grid. This is illustrated in Figure 3.

For every non-tree edgein the tree we can find the numbese) of non-tree edges enclosed by the unique cycle formed
by addinge to the tree. (For edge = (u,v), w(e) can be computed by finding the least common ancestér. andv and
determining for each non-tree edge connected to a descendanttodther it is embedded to the right or left of the paths
betweeny andu andv.) For any non-tree edge= (u, v), note thatu andv have degree at most two in the trEeand thus
there is no tree edge attached horizontally adjacemt@ov. The embedding determines whether the path representing
should be attached to the east or west sidesafidv. If the embedding goes around a leadf the tre€T’, then the path is
routed horizontally from: to a locationw(e) fine grid points to the east or west of the column containingnd vertically
down to a pointw(e) fine grid points below the level of the leaf of maximum height, and from there horizontally to a point
w(e) fine grid points east or west of the column containinghen vertically to the level of, and then horizontally to attach
to v. If the embedding does not go around a leaf, then a simpler path can be drawn: horizontally to:a(ppfirie grid
points east or west af, then vertically to the level of, and then horizontally to connect to It is easy to verify that no
paths collide in this way. See Figure 3 for an example.

Thus we have the following theorem.

Theorem 2 PLANAR.STCONN<°¢GGR

Combining this theorem with [BLMS98, Lemma 13], we obtain this corollary:

Corollary 3 PLANAR.STCONN is <)°¢ reducible to its complement.

5 More Closure Properties for PLANAR.STCONN

We have identified an important problemANAR .STCONN that may or may not be in the claks If it is not, it is by
definition complete under logspace reductions for a complexity class. Is this class robust under different types of logspace
reductions? We are able to give a partial affirmative answer. Let us first remind the reader about some relevant definitions.



Different types of logspace reductions were introduced and studied by Ladner and Lynch [LL76], who showed that
logspace Turing and truth-table reducibilities coinciAe:ﬂOgB iff A<\°8B). They also introduced a more restrictive version
of logspace-computable truth-table reducibility, known as logspace Boolean formula redusﬁb’ﬁﬁx A<1°g B if there
is a logspace computable functigrsuch thatf () = (g1, ¢2, - - ., ¢, @) Where eacly; is a query and is a Boolean formula
with r variablesyy, . . ., y,, such that: € A if and only if ¢ evaluates to 1 when the variablgsare assigned the truth value
of the statementqg; € B”. Additional results about this type of reducibility can be found in [BST93, BH9I1].
Corollary 4 A<!°ePLANAR.STCONN if and only inglb‘}g;ttPLANAR .STCONN.
Proof: One direction is trivial; thus assumeth%lbog_tt PLANAR.STCONN. For agiveninput, let f(z) = (¢1,q2,- .., ¢, @)
be the result of applying the reductionto Without loss of generality, the formuta has negation operations only at the
leaves (since it is easy in logspace to apply DeMorgan’s laws to rewrite a formula). Using closure under complementation,
we can even assume that there are no negation operations at all in the formula. By the results of Section 3, we can assume
that each graph; is a planar graph witk and¢ on the external face. Given two such graghs G5, note that botlG; and
G- are in RANAR .STCONN if and only if the graph with the terminal vertex 6f; connected to the start vertex 6% is in
PLANAR .STCONN, and thus it is easy to simulate an AND gate. Similarly, andate can be simulated by building a new
graph with start vertex connected to the start vertices of bath andGs, and with edges from the terminal vertices@{
andG- to a new vertex. These constructions maintain planarity, and they also maintain the propertyathadt are on the
external face. Simulating each gate in turn involves only a constant number of additional vertices and edges, and it is easy to
see that this gives rise to<d°% reduction.O
A natural open question is whether the preceding corollary also holds, Wﬁéqt is replaced by<1°g.

6 Higher Genus

In this section we prove that thet-connectivity problem for graphs of genus one reduces to the planar case. Throughout
this section, we will assume that we are given an embeddin§a graphG onto a surface of genus one. (Unlike the planar
case, it does not appear to be known if testing whether a graph has genOscan be accomplished in logspace, even for
g = 1[MVO00].) Given such an embedding, using [AMO04], we can check in logspace whether the minimal genus of the graph
is one.

We introduce here some terminology and definitions relating to graphs on surfaces. It will be sufficient to give informal
definitions of various notions; the interested reader can refer to [MTO1] for more rigorous definitions.

A closed orientablsurface is one that can be obtained by adding handles to a spl3espate. The genus of the resulting
surface is equal to the number of handles added; see also the text [GT87]. Given &gthphgenus of the graph is the
genus of the (closed orientable) surface of least genus on which the graph can be embedded.

Given a graphG embedded on a closed orientable surface, and a cycle of the graph embedded on the surface, there are
two (possibly intersecting) subgraphs, called the siesof the cycle with respect to the embedding. Informally, a side
of a cycle is the set of vertices of the graph that are path-connected (via a path in the graph, each edge of the graph being
considered regardless of direction) to some vertex on the cycle, such that this path does not cross the cycle itself. (In the
considerations below, we are concerned only with genus one graphs for which this notion of path-connectivity suffices.) A
cycle thereby has two sides, which are calledl#ieand theright sides. If the left and right sides of a cycle have nonempty
intersection, then we call the cyclesarface-nonseparating cycldNote that a graph embedded on a sphere (i.e., a planar
graph) does not have any surface-nonseparating cycles. Also, it is easy to sdadfaicgcle (one that forms the boundary
of a face in the embedding of the graph on the surface) cannot be surface-nonseparating. Giveyarcgolembedded
graph, it is easy to check in logspace whetteis surface-nonseparating: merely check whether there is a vertexs,
such thaw is path-connected to both sides@f(on the embedding).

Lemma5 LetG be a graph of genug > 0, and letT be a spanning tree df. Then there is an edgec E(G) such that
T U {e} contains a surface-nonseparating cycle.

Proof: The proof follows ideas from [Tho90] which introduces tf3epath condition”:

Definition 6 Let C be a family of cycles af as follows. We say thdf satisfies th&-path condition if it has the following
property. Ifz, y are vertices of5 and P, P», Ps are internally disjoint paths joining: andy, and if two of the three cycles
C;; = PiUP; (1 <i<j<3)arenotink, then also the third cycle is not i.



We quote the following from [MTO1].

Proposition 7 (Proposition4.3.1 of [MT01]) The family ofilI-surface-nonseparating cycles satisfies3hgath condition.

Suppose, thate, (T'U {e}) does not have a surface-nonseparating cycle. We will prove that no €yiriehe graph
G can be surface-nonseparating, by induction on the numloémon-tree edges itv. This contradicts the fact that every
non-planar graph has a surface-nonseparating cycle ((MT01, Lemma 4.2.4 and the following discussion]) and thus suffices
to prove the claim.

The basisk = 1) follows from the above supposition.

For the inductive step frorh — 1 to &, let a cycleC be given withk edges not irff".

Take any non-tree edge= (z,y) on C. Consider the tree path betweenz andy. If P never leaves the cycl€, then
C'is a fundamental cycle and we are done by the assumptidn#$ot. Otherwise, we can consider a maximal segnfeaft
PnotinC'. LetS lie between vertices andv of C. Now, we have three paths betweeandv : the two paths between
andv onC (call these(’;, Cs), and pathS. Note that boths' U C; andS U C; have fewer thaik non-tree edges. Hence they
are not surface-nonseparating cycles by the induction assumption. So,Jpaltte condition, neither i€ = C; U Cs.

This completes the induction, and the proof.

At this point we are able to describe how to reduce ¢hteconnectivity problem for graphs of genus one to the planar
case.

Given a graphG of genus one and an embeddifigof G onto the torus, construct an (undirected) spanningfre¢ G.

For each edge of G that is not inT’, determine whether the unique cy€lg in T'U {e} is surface-nonseparating, as follows.

LetC. = {v1,vs, - ,v,}. LetG. be the graph obtained frof by cutting alongthe cycleC, (as described in [MTOL1,

p. 105]). (For the purposes of visualization, it is useful to imagine cycles as embedded on an inner tube. Cutting along a
surface-separating cycle amounts to cutting a hole in the inner tube (resulting in two pieces). In coritaist sifirface-
nonseparating, then it is embedded either like a ribbon tied around the tube, or like a whitewall painted on the inner tube.
In the former case, cutting alon@,. turns the inner tube into a bent cylinder with a copy(dfon each end; in the latter

case cutting along@’. results in a flat ring with one copy @f. around the inside and one around the outside. In this latter
case, the graph is again topologically equivalent to a cylinder with a copy oh each side.) More formally, the gragh

has two copies of each of the vertidgs, vo, - - - , v}, which we denote b{v, 1,v21, -+ ,vr1} @and{vi 2,v2.2,- -+ ,vr2}.

For every edgé¢u, v;) (or (v;,u)) on the right side of. (according tdI), G. has the edgéu, v; 1) ((v;,1, u), respectively),

and for every edgeéu, v;) ((v;, u),respectively) on the left side @f. we have the edgéu, v; ) (or (vj2,u)) in G.. The
graphG. also has two copies of the cydle., which we denote by, ; andC. ». That is, we have edges between, and

vj+1,5 for eachb € {1,2} and eachl < j < r, directed as irC.. An important property of cutting along the cydlé

is that if C. was surface-nonseparating, then the resulting gr@pis planar, and the the cyclés. ; andC, » arefacial

cycles ([MTO1, p. 106,Lemma 4.2.4]). (Otherwige, will not be planar.) Thus in logspace we can determine whethés
surface-nonseparating.

By Lemma 5, we are guaranteed to find a surface-nonseparating cycle by testing eacthedgenot inT". The graph
G, does not have the same connectivity propertieS;asandt might have been connected@hbut not inG.. In particular,
any directed path it from s to ¢ that uses edges froboththe right and left sides af'. is not replicated irz.. As in Section
3, we solve this problem by pasting together copies of the géaplas follows. The operation of “pasting” two copies®@f
together consists of identifying the vertices;, vz 1, . ..,v,1 in One copy with the vertices, 2, vz 2, . . ., Um,2 in the other
copy. (Note that this amounts to “sewing together” two copies of the path that were “cut apart” in c@afiogn G.)

Now construct the grapti”’ consisting of2n + 1 copies ofG. pasted together in this way: the “original copy” in the
middle, andn copies along each side, forming one long cylinder. Since this cylinder has genus zero, it is easy tosee that
is planar.

As in Section 3, a simple inductive argument shows that there is a directed path foofmin G if and only if there is a
directed path from (the original copy of)to one of the copies af in G’. Thus we have presented a logspace-computable
disjunctive truth-table reduction to the planar directedconnectivity problem. We obtain a many-one reduction by appeal
to Corollary 4. Thus we have proved the following theorem.

Theorem 8 The s-t-connectivity problem for graphs of genus one<i§® reducible to the planar directes-t-connectivity
problem.
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7 \Versions of theGGRProblem

Up until this point in the paper, we have not needed to be very careful about the way that grid graphs are encoded.
However, many of the results in this and later sections discuss completeness and equivalence under first-order projections —
and in order for us to easily establish reducibility via projections in some instances, we must impose some restrictions upon
the encoding. It will be clear to the reader that the encodings that we use are equivalent to other, more natural, encodings,
underg‘;CO reductions. As a consequence of Propositions 15 and 16, it follows that the more natural encodings are, in fact,
reducible to these more restricted versions under projections, and hence they are equivalent under first-order projections.

An instance of the general GGR problem consists of a géapin ann-by-m grid, along with two distinguished vertices
s andt. However, for the rest of this paper, we will restrict attention to graphs on a grid o8stbg-3n with s in position
(n,n) andt in position(2n, 2n). It is easy to see how to transform an arbitrary grid graph instance into an instance with
andt in these designated positions viag;‘jtlc0 reduction, by “stretching” (and possibly reflecting) the original grid.

We continue by defining and exploring a number of special cases of the GGR problem, based on a variety of restrictions

on the grid graphs and on the verticeandt.
7.1 Nine Problems

We first consider two restrictions on the global structure of a GGR problem, and two local restrictions:

e The problem GGR-B is the set of directed grid graphwheres andt are vertices on thboundary of G, and there
is a path froms to ¢t in G. (Equivalently,G is ann-by-n grid, with s in position(1, 1) andt in position(n,n).)

e The problem LGGR is the set tdyered directed grid graphé&:, havingonly east and south edgesvhere there is a
path froms to ¢. (Again, we use the convention thais in position(1, 1) andt is in position(n, n).)

e The problem 1GGR is the set of directed grid graghsf outdegree at most where there is a path froato ¢. (Since
a cycle of length two can not contribute to a path fretto ¢, and since the existence of such cycles makes certain of
our reductions more complicated, and since such cycles are easy to eliminate via a syntactic test, we assume that there
is no cycle of length 2 in an instance of 1GGR.)

e The problem 11GGR is the set of directed grid graghsf indegree and outdegree at most Where there is a path
fromstot.

Itis obvious that 11GGR is a special case of LGGRand LGGR is a special case of GGR-B. The local and global restrictions
are orthogonal, so that the three global conditions (general, boundary, and layered) and three local conditions (general,



outdegree 1, both degrees 1) give us nine special cases of the GGR problem: GGR, 1GGR, 11GGR, GGR-B, 1GGR-B,
11GGR-B, LGGR, 1LGGR, and 11LGGR. Even the easiest of these problems, 11LGGR, is non-trivial, as we will show in
Section 8 that it is hard for the cla$<".

There are other natural ways to define a layered graph. We could forbid only one of the four directions of edges rather
than two. Or we could allow diagonal edges but force them to go only northeast, east, or southeast, making each north-south
column a layer according to the standard definition. But it is an easy exercise to construct a first-order projection from a graph
satisfying any one of these restrictions to one satisfying any of the others. (We prove a very similar result in Proposition 26.)

7.2 Undirected GGR

One of the most natural local restrictions on a grapiridirectedness Long before Reingold [Rei05] showed that the
undirected reachability problem is In Blum and Kozen [BK78] showed that the UGGR problem, testing reachability in
undirected grid graphs, is in. Here we show that UGGR is equivalentftur of the nine versions of GGR we have just
defined:

Theorem 9 The problem$JGGR UGGR-B 1GGR 1GGR-B 11GGR and11GGR-Bare all equivalent under first-order
projections.
Proof: We will show that 1GGR Q. UGGR<EQ . UGGR-B<EQ. 11GGR-B<EQ. 1GGR appealing to Section 7.3 for the

: ?=pro " proj ) — —=proj —proj
second reduction and observing that the last reduction is trivial.

Lemma 10 1GGR<F9 UGGR

—pro)

Proof: The well-known general reduction from outdegree one reachability to undirected reachability works without modifi-
cation for grid graphs. Given an outdegree one grid gi@@nd vertices andt, create an undirected graphby modifying

G to delete the edge (if any) out 6ind change each directed arc to an undirected edge. Since the vertices with paths to

G form a directed tree, the corresponding verticesl/iare simplyt’s connected component. Sdas a directed path tan

G if and only if it has an undirected path ton H. The reduction is clearly a first-order projectian.

Lemma 11 UGGR-B<F9.11GGR-B

—Ppro)

Proof: We merely have to formalize the familiar “right-hand rule” for exploring mazes — if we place our right hand on the
wall and keep walking with our hand on the wall, we will return to our starting place having gone completely around the
connected component of wall to our right. If both our starting place and our goal are on the boundary of the entire maze, they
are on the boundary of their connected component.

More formally, given an undirected grid gragh and verticess andt on its boundary, we define a grid graph of
indegree and outdegree at most 1 as follows. The verticé&wfll be points(a/3,b/3) wherea andb are integers — when
both coordinates are integers we identify this vertextfofvith the corresponding vertex @f. (Note that the positive:
direction is east, and the positiyadirection is south.) The directed edgesHfwill have the property that there is an edge of
G 1/3 unit to their right in their direction of travel, unless they are turning a corner:

e If there is an edge 6’ between(u,v) and (u + 1,v), then there are directed arcsihfrom (v + 1/3,v — 1/3) to
(u+2/3,v—1/3) and from(u +2/3,v+ 1/3) to (u + 1/3,v + 1/3).

e If there is an edge 6’ between(u, v) and (u, v + 1), then there are directed arcsihfrom (v — 1/3,v + 2/3) to
(w—1/3,v+1/3) and from(u + 1/3,v+1/3) to (u + 1/3,v + 2/3).

o If (u,v) is a vertex ofG with noedge inG to (v + 1, v), thenH has edges fronw + 1/3,v — 1/3) to (u + 1/3,v)
and from(u + 1/3,v) to (u +1/3,v + 1/3).

o If (u,v) is a vertex ofG with noedge inG to (v — 1,v), thenH has edges fronfu — 1/3,v + 1/3) to (v — 1/3,v)
and from(u — 1/3,v) to (u — 1/3,v — 1/3).

o If (u,v) is a vertex ofG with noedge inG to (u,v + 1), thenH has edges fronfu + 1/3,v + 1/3) to (u,v + 1/3)
and from(u,v 4+ 1/3) to (u — 1/3,v + 1/3).

10
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Figure 5. An undirected grid graph and its in-1-out-1 graph.

Figure 6. Putting s and t on the same row.

o If (u,v) is a vertex ofG with noedge inG to (u,v — 1), thenH has edges fronu — 1/3,v — 1/3) to (u,v — 1/3)
and from(u,v — 1/3) to (u + 1/3,v — 1/3).

We define vertices’ andt’ in H by moving1/3 unit away from the rest off from s andt respectively. It is clear that
H has both indegree and outdegree at most one, and that there is a directed pathtdrénin H if and only if there is an
undirected path from to ¢ in H. Figure 5 shows the result of this construction on a small undirected graph.

Thus all these versions of the problem are equivalent under first-order projections.

7.3 The Boundary Construction

In this section we show that each of the problems GGR, UGGR, and 1GGR reduces via first-order projections to the
special case whereandt are on the external boundary. For simplicity, we first consider GGR. (The reader will note some
similarity with the proof presented in Section 3.)

Theorem 12 GGR<Y¥O . GGR-B

—Ppro)

Proof: Let Gy be a grid graph. We modifg, to obtain a new grapt¥, in which s andt appear on the same horizontal row
of G, call this rowm; this is accomplished by adding some paths to effect a vertical shift of part of the grid, as illustrated in
Figure 6. We may assume without loss of generality that there is no vertical edgesaurtioto ¢, and may also assume that
s is a source andis a sink; note also thatappears to the left dfin the grid. ModifyG by inserting a new row of “dummy”
vertices just above row: of G, to obtain a new grapti’. In G’ there are no horizontal edges in rew+ 1, and all edges
that enter rown + 1 vertically from above continue on below, and vice-versa.

Now build a new grapt by cuttingG’ horizontally along rown + 1 to obtain two grid<7;, andG;

' top bottom - 'There isa
copy of rowm + 1 in each ofG{,, andGj ;.- In H, the graph&; appearsiboveG, . For each vertex in row m;

/
top bottom top*
to the left of s or to the right oft, there is a path connecting the the two copies,@joing around the closest side boundary,

and directed the same way as the edge that passes thwangh, as illustrated in Figure 7. Also as illustrated in Figure 7,

g

=

t

=

s

m+1

||
[

=T ] =

H

Figure 7. The basic gadget H
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Figure 8. Connecting multiple copies of H

add new vertices’ andt’ at the top right and left corners, respectively, connected via patharidt. For the vertices in row
m + 1 that appear betweenandt, add vertical paths that we will use to connect different copied edgether.
Let there ben vertices inG. Create2n + 1 copies ofH, labeledH_,,, H_,,_+,...,H_1,Hy, Hy, ... H,, and connected
vertically with H; in the middle, where the connections are made at the vertical paths between the cepi@slofn the
bottom row of H; _; and the corresponding paths in the top rowthf (See Figure 8.) A simple inductive argument shows
that there is a path fromto ¢ in G iff there is a path frons(, to one of the vertices,. The vertexs;, is on the external face,
as is each of the vertice& The construction is completed by creating a new vetteand adding paths from ea¢hto ¢”.
Call the resulting grid grapR.’. It is easy to see that this reduction can be accomplished by means of a first-order projection,
i.e., the presence or absence of each edge in the resulting graph depends on the presence or absence of a single edge in the
input graph.O

Corollary 13 UGGR<F?Y UGGR-Band1GGR<F© 1GGR-B

—=proj =proj

Proof: If Gy has outdegree one, then the grdphalso has outdegree one.d} is undirected, then the gragti’ will also
be undirected, if we modify the construction by addinglirectedpaths froms’ to s and from¢ to ¢/, as well as from eact]
tot”. O

We conclude this section with the observation that a much simpler construction is sufficient if we wisbtegpecified
vertex on the boundary, instead of two.

Proposition 14 For any given grid graplG and vertex, there is a graphH that can be expressed as a first-order projection
of G, that has the same connectivity properties'gdut has vertex on the boundary off.

Proof: The three figures Figure 9, Figure 10 and Figure 11 illustrate how any giveR aélthe grid graph (containing
vertexv) can be “stretched” to become the boundaryo{with the subgrids that surroundédtibeing flipped over into the
interior of £). O

7.4 Five Problems

The results of the preceding section and of Section 7.3 reduce our nine problems to five. If we close each under first-order
reductions, we get a hierarchy of complexity classes wiltiinand (as we shall see in Section 8) abd@”. Since each
problem has a number of interesting alternate formulations, we spend some time looking at each in turn:

12



Figure 9. Grid graph G with cell F in the center.

Figure 10. Cell E “stretched” to full size.
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Figure 11. The final graph H.

GGR

N

UGGR LGGR

N

1LGGR

11L GGR

Figure 12. The five surviving GGR problems.
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741 GGR

We have already presented most of our theorems regarding the general GGR problem (namely, that GGR is equivalent to
reachability in planar graphs under logspace reductions). We showed in Section 7.3 that GGR and GGR-B are equivalent
under first-order reductions. We have also already mentioned that<GGR[BTVO07].

It is worth spending a paragraph discussing whether GGR is compleiLfoSince many would conjecture thidt. =
UL, the fact that GGRe UL is not strong evidence that GGR is not complete N, although it certainly qualifies as
circumstantial evidence. Additional circumstantial evidence for its not being compleiélfaomes from the following
observations:

e GGR is not even known to be hard forunder first-order reductions; for all other known examples of complete
problems foNL hardness fok is essentially trivial.

e The proof of the Immerman-Szelefgryi theorem [Imm88, Sze88] showing tiNit is closed under complement bears
little relation to the simple argument showing that GGR reduces to its complement. (Namely thepaik froms to
t in a grid graphG iff there is a path, from some boundary vertex on one path feaim¢ to a boundary vertex on the
other path, in theomplement-duairid graph. For details see [BLMS98].)

It has been noticed by Jakoby and Tantau [JT06] that GGR is equivalent under first-order projections to a restriction of
GGR that they call “tournament grid graphs”. Such graphs are obtained from a complete undirgctegrid by assigning
a direction to each edge.

We close this section with an observation about closure under first-order reductions: ¢,

Proposition 15 A language is in the cladsO + GGRIff it projection-reduces t&sGR

The proof is identical to the proof of Proposition 16 in the next section.

7.4.2 UGGR

We found above that UGGR, undirected grid graph reachability, has a number of equivalent formulations including its
boundary version UGGR-B. To these we may add the problem of determining the winner in a completed game of HEX
[Bus06], because a hexagonal grid can easily be mapped by a projection reduction to the Euclidean grids we have defined
here. Like GGR-B, UGGR-B projection-reduces directly to its complement by taking a complement-dual graph. This gives

it another robustness property:

Proposition 16 A language is in the cladsO + UGGRIff it projection-reduces t¢JGGR

Proof: We show that the set of languages that projection-reduce to UGGR-B, and hence (by Section 7.3) to UGGR, is closed
underg‘}c0 reductions. We give an inductive argument on the depth of the circuits computirﬁﬂﬁoereduction (where
without loss of generality the circuits for different lengths have the same structure, and all gates on the same level are of the
same type). The inductive hypothesis is that the value of eachunieading into a top-level gate can be represented as the
answer to the question of whether or not a gréhhis in UGGR-B where?,, is a projection of the input grap@. This is
clearly true if the only gates ared¥ gates, which establishes the basis for the induction. If the top-level gate is@aigdte,
then it suffices to connect the grapfg, in series. Similarly, if the top-level gate is arr@ate, then it suffices to connect
the graphg7,, in parallel. If the top level gate is ad¥ gate, then as we observed above, the complement-dual graph lets
us represent the negation of a UGGR-B problem as tReofpolynomially many UGGR-B problems (and thus again we
can connect these graphs in parallel.) If the top level gate is an oracle,dhtm we can replace each wire(representing
an edge(z, y) in the encoding of the grid grapH presented as input tg) by a small sub-grid encoding the grapgh,,
identifying the source vertex asand the sink vertex ag. The details are straightforward to fill in; by simple padding we
may assume that all of the grapfi, are the same siz&l

In its incarnation as 11GGR, UGGR can be seen to have the follogdngtingproperty:

Proposition 17 If G is a directed grid graph of indegree and outdegree each at most one, then the following predicate
projection-reduces tdGGR DIST(s, t, k) < the path out of reacheg in exactlyk steps.

15
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Figure 13. The Construction of Proposition 17

Proof: We first note that we can determine many properties ofdirextedpath out ofs in G by usingFO + UGGR to
answer guestions about relateadirected graphsBy looking at the undirected graph obtained by erasing the arrows in
we can tell whether the path passes through a given vertBy removing an edge from this undirected graph and retesting,
we can determine whether a given directed edge occurs on the p&th Similarly, we can tell whether the path turns a
corner at a given vertex.

If the path does turn a corner at a veriexhen either the path cuts across the diagonal linerahning from northeast to
southwest, or else it cuts across the diagonal linerainning from northwest to southeast. Let us eadin “NE” vertex in
the first case, and an “NW” vertex in the second case.

Now we can define a grapH, ; , where each vertex along the path is replaced by1 copies. These copies are placed
in a diagonal line from northeast to southwest i§ an “NE” vertex or if the path does not turn a cornepaand the copies
are placed in a diagonal line from northwest to southeast otherwise. Each edge along this path is replaced by a “cable” of
k + 1 parallel straight paths. The copies of each vertex and edge are numbered so thattipthe left and copy is to
the right in the direction of the path'’s travel.

Finally, on each incoming cable, we insert a shift component so that the path formiathtieepy of each edge now
connects thé'th copy of its source to thé + 1'st copy of its destination. (See Figure 13.) Note that this grApalso has
indegree and outdegree at most 1. Then OKST, k) is true iff there is a path il from copyO0 of s to copyk of ¢. We can
defineH in FO + UGGR, and thus by Proposition 16 we can deffhas a first-order projection af.

a

In Section 9 we will be interested in the depth-first search of a directed tree embedded in a grid graph. If we convert the
directed tree to an undirected tree and then to a graph of indegree and outdegree one by the constructions of this section, we
produce a tour of the vertices of the tree that exactly follows the order in which they are visited by the depth-first search.
Because we can count the length of paths in this final graph, we conclude:

Theorem 18 LetT be a directed tree embedded in a grid graph and consider the depth-first seaftctinaf visits children

of a node in the left-to-right order given by the embedding. Then the following properties of the search are each computable
in FO + UGGR start time of a vertex, finish time of a vertex, depth of a vertex, and whether one vertex is an ancestor of
another.O

743 LGGR

We begin with a simple proposition:;

Proposition 19 Reachability in layered planar digraphs is logspace-reducibleGiGR.

Note: When we refer to “layered planar digraphs” we mean layered graphs that are presented with vertices already
partitioned into layers, with a vertex labeled as the “bottom” of each layer, and a planar embedding of the edges into the
vertical space between each layer of vertices.

Proof: Given a layered planar gragh (with vertices already partitioned into layers as discussed above), first check to see
whether there are any vertices with indegree or outdegree greater than 2. If so, then add some dummy layers, replacing nodes
with large fan-in or fan-out with small trees of fan-in or fan-out at most 2. This is easy to accomplish in logspace.
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Since each layer has a vertex labeled as the “bottom” vertex in the layer, we can easily compute an ordering on the vertices
in each layer that is consistent with the planar embedding; if we knowttsatheith vertex in the layer, then the vertex at
positioni 4+ 1 can be found by walking around the appropriate face that is adjacent to vei#ry vertex that is omitted in
this way must be unreachable from the start vertex.) This yields a natural assignment of vertices to a coarse grid (since each
vertex occupies a known layer and the vertices have a known ordering within the layer). Now it is a simple matter to embed
edges along a fine grid, as in the proof of Theorem 2. In this embedding, none of the edges point to the west. As observed at
the end of Section 7.1, instances of GGR where no edges point west can easily be reduced taLGGR.

We now present our main theorem that deals with layered grid graphs.

Theorem 20 LGGR € UL.

Proof: LetG be alayeredh x n grid graph, with vertex in column 1 and vertekin columnn. We define a weight function

w on the edges dff as follows. Ife is directed vertically (that is, frorfi, j) to (i + 1, 7)), thene has weight zero. Otherwise,

e is directed horizontally and is of the for(w j) — (¢, + 1). In this case, the weight efis i. This weight function induces

a natural weight function on paths; the weight of a path is the sum of the weights of its edges. (It is a helpful approximation
to think of the weight of a path as the number of boxes of the grid that lie above the path.)

The minimal-weight simple path fromto any vertex is unique. This is because if there are two pathsand P, from s
to v that have the same weight, there must be some column in whighhigher thanP, and another column in which; is
higher thanP;. SinceG is a layered grid graph, this means that there is some point in between these two columns in which
the two paths intersect. The path freno v that follows the two paths until they diverge, and then follows the path closer to
the top of the grid until they next intersect, and continues in this way utidireached, will have smaller weight than either
P, or P, and thus they cannot have had minimal weight.

At this point, we are able to mimic the argument of [RAQO].

Let Cy, be the set of all vertices in columinthat are reachable from Letc, = |Ck|. Let ¥, be the sum, over all
v € Cy, of the minimal weight path from to v. Exactly as in [RAQO], there is "L algorithm that, given{G, k, ¢, X, v),
can determine whether there is a path freno v or not (We emphasize the words “or not”; if there is no path, thHe
machine will determine this fact; the algorithm presented in [RA00] has this property.) Furthermore, this algorithm has the
property that, ifv is reachable fromns, then theUL machine can compute the weight of the minimal-weight path fggow.
(Informally, the machine tries each vertexn columnk in turn, keeping a running tally of the number of vertices that have
been found to be reachable, and the total weight of the guessed paths. For each,\thgarachine guesses whether there
is a path froms to x; if it guesses there is a path, then it tries to guess the path, and increments its running totatsy,If
then it remembers the weight of the path that was guessed. At the end, if the running totals do nef eqdal;, then
the machine concludes that it did not make good guesses and aborts. By the properties of the weight function, there will be
exactly one path that makes the correct guesses and does not abort.)

It suffices now to show thatldL machine can compute the valugsandX;. Observe first of all that; is easy to compute
(by simply walking down column 1 from and counting how many vertices are reachable),ane- 0.

Assuming that the values, andX;, are available, the numbeeg,; and>;., can be computed as follows. Initialize
cr+1 andXy4, to zero. For each vertexin columnk + 1, for each edge of the form — y to a vertexy in columnk + 1
such that there is a path in columnt 1 from y to v, if © € C} via a minimal-weight path of weight,, then compute the
weightw!, of the path tov throughz. Letw, be minimum of all such values,.. Increment; 1 by one (to indicate that
is reachable) and increask.; by w,. (This algorithm is actually more general than necessary; it is easy to show that the
minimal-weight path ta will always be given by the “topmost” vertex e Cj, for which there is an edge — y to a vertex
y that can reach in columnk + 1.)

This completes the proofl

We observe that we have shown thdtila algorithm can also determine whether theradasa path froms to ¢, and thus
LGGRisinUL N coUL.

One interesting question regarding LGGR is whether it is any easier than general GGR. It seems plausible that searching
for a path that must always make progress in a given direction would be easier than searching for one that could double back
upon itself arbitrarily. But the evidence we have for this is rather thin. Now thatNRR .STCONN has also been shown to
lie in UL N coUL ([BTVO07]) we have no upper bounds for the layered case that are not also known to hold for the general
case.

Another interesting question is the relationship, if any, between LGGR and reachability for general grid graphs that happen
to be acyclic. The two restrictions seem similar, but nothing is known.
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It is not clear whether LGGR reduces to its complement. The complement-dual of a grid graph whose edges go only east
and south is a grid graph that contaalbpossiblenorth and east edges, and some edges going south and west. There may
be a way to reduce this problem to LGGR, but we don’t know of one.

LGGR is also a special case of evaluatinigered monotone planar circuit, where the circuit has only ®©gates and
constant) gates (except for one constangate). Limayeet al. LMSO06] give a nice survey of the various versions of this
problem along with some new results.

7.4.4 1LGGR

The 1LGGR problem has some alternate characterizations, which we find useful in proving our results about this problem.

Definition 21 An outdegree exactly-one layered grid graplan instance ol LGGR where every vertex not appearing on
the boundary has outdegree 1. That is, the only sinks are on the boundary. The reachability problem on these graphs is
denoted byE1LGGR

Lemma 22 E1LGGRIis equivalent (via projections) to the reachability problem on directed grid graphs that have some east
edges, all possible south edges, and no north or west edges.

Proof: We first reduce this new problem to EILGGR. léthe a layered grid graph with some east and all south edges.
Without loss of generality let be the northwest corner aridthe southeast corner. Define the following instaiteof
E1LGGR. The vertices off are the same as those®@f If vertexv has an east edge out of it it has an east edge out of it
in H. Otherwise it has a south edge out of itfih Clearly, every vertex off that is not on the south boundary has outdegree
one. Itis easy to show by induction that the path out of H reaches or passes directly north of every vertex reachable in
G. Either this path ends at a vertex on the south boundary that has no east edge, or it reaches the east boundary and thus goes
south tot. So the path i exists iff the path in does.

For the other reduction, |€t be an instance of ELLGGR. Defit&to be a copy of7 with all possible south edges added.
DefineG™ to be the layered grid graph obtained frgirby reflecting about the northwest-to-southeast diagonal, arfd’let
be a copy ofz” with all possible south edges added. Finally,/i&le aseries connectioof H andH'’ — a layered grid graph,
with all south edges present, obtained by pladihm the northwest quarter arfd’ in the southeast quarter of a single graph,
identifying the southeast corner &F with the northwest corner off’. It is easy now to verify that there is a path from the
northwest corner of to the southeast corner iff the unique path frenm G reacheg, rather than some other sink on the
boundary ofG. O

Proposition 23 The language of problems projection-reduciblé&etbL GGRis closed under complement.

Proof: The complement-dual of a layered grid graph with some east edges and all south edges has all possible north and
east edges, some south edges, and no west edges. But the north edges are of no additional use in making a path from north to
south, so this is equivalent to a problem with some south and all east edges, clearly isomorphic to the problem with all south
and some east)

Theorem 24 1LGGR and E1ILGGR are equivalent under projections (and thus, by the preceding propositioBGR
projection-reduces to its complement).

Proof: Since E1LGGR is a special case of 1LGGR, it suffices to reduce 1LGGR to EILGGR. First, we present a first-order
reduction. LetG be an instance of 1LGGR. Léf be a graph with the same set of vertices and containing all of the edges
of G, but with the property that if is an internal sink inG, thenv has an edge leading out to the easHin H is clearly an
instance of ELLGGR, and there is path frerto ¢ in G if and only if (there is a path from to ¢ in H and, for every sink

of G, there is not a path fromto v in H).

It remains to simulate this reduction with a projection. Note tHatan be formed as a projection frof¥y although the
condition thatv is a sink depends otwo bits of G, we can phrase this condition equivalently by saying that there is an east
edge out ofv iff there is not a south edge out of Next note that the first-order reduction is thei& of a reachability
guestion onH with polynomially-many conditions of the fory,: “v is not a sink or there is not a path frosrio v in H”.

C, is equivalent to the negation of the conditioni$ a sink and there is a path frosto v in H”, which can be expressed
by a reachability question in a graph with two components: the first component is a two-by-two grid graph containing the
negations of the two edges out®@fand the second component is the subgrapH ofith v as terminal node. It is easy to
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see that the negation @, can thus be expressed as a projection of ELLGGR, and thus by the preceding proposition, each
conditionC,, can be posed as a positive query to ELILGGR.

All of the polynomially-many reachability conditions of our first-order reduction can be combined in series to form a
single instance of EILGGR. (That is: form a grid with the queried graphs along the main diagonal, withsvieriexe
graph identified with vertexin the next. Vertices along the boundaries of the queried graphs are connected to paths running
east or south to the boundary of the large graph, to maintain the property that the only sinks are on the boundary.) This yields
the desired projectiorn

Theorem 25 Any language first-order reducible td. GGRis projection-reducible to it.

Proof: We follow essentially the same strategy as in the proof of Proposition 16 — but we cannot use the same construction
of simulating an @& gate by a parallel connection, since that construction does not have outdegree 1. However, using
DeMorgan’s laws, we can assume that a first-order reduction to 1LGGR is computed by a constant-depth circuit with only
AND and NoT gates, in addition to oracle gates for 1LLGGR. The inductive argument now proceeds in exactly the same way
as in the proof of Proposition 16, but we need to be more careful in the way that oracle gates are simulatede It

n-by-m grid corresponding to the input wires of an oracle gate, where by induction we are assuming that we have instances
of 1LGGRG,, for each of these wires. For each possible horizontal édge) of G represented by wire, we can place

G,, diagonally betweem andv, so that all edges afr,, are running northeast or southeast. For each vertical eédge
represented by wire, we placeG,, diagonally betweem andv so that all edges af,, are running southwest or southeast.

If we rotate this graph 45 degrees counterclockwise, we obtain a grid graph with outdegree one having no west edges, such
that there is a path from to ¢ if and only if there is a path from to ¢ in G. The proof is completed by showing that
reachability in graphs of this type is projection-reducible to 1LGGR; see Propositidn 26.

Proposition 26 The restriction ofLGGRto instances having no west edges projection-reducés @GR

Proof. Consider a directed by n grid graphG with no west edges, a vertexon the west boundary, and a vertean the
right boundary. We describe how to successively recast this GGR instance as a sequence of GGR-like instances, the last of
which is a 1LGGR instance.

e Our first graphG’ is n by n(n + 1) and has edges that go northeast, east, and southeast. We embed the veftices of
G’ so that there are columns of new vertices between each columiofertices. For each east edge(inwe make
a corresponding path ef+ 1 east edges iti’. For each north or south edgeGh we put northeast or southeast edges
respectively on the corresponding vertexd@hand each of the next — 1 new vertices in the same row. Note thzt
also has outdegree one. We can now see that if the pathfiom vertexu first reaches a particular column at vertex
v, then the path out aof in G’ also goes ta.

e We now makeG” by doubling the size o€’ and replacing each east edge with a path of length two consisting of a
northeast and a southeast edge. Northeast and southeast edjdmoome paths of two northeast or two southeast
edges inG”.

¢ Finally, we make a 1LGGR instandé by rotatingG” 45 degrees clockwise so that its edges go east and south.

O

As we will see in Section 8, the complexity class of problems first-order reducible to 1LGGR lies somewhere lhetween
andNC'. These two classes exemplify one contrast between sequential computhtiod parallel computatioC'). The
question of whethe = NC! is the question of whether sequential computations using only log space can be parallelized to
a certain extent. (Of courdeproblems can be solved ifi(log®) parallel bit operations becauseC NC?, but the question
is whether we can get depth(logn).)

Here is a problem that looks to be inherently somewhat sequential, in that a polynomial number of opapgteamo
be necessary in sequence. lebe ann by n Boolean array and consider the following Java code fragment:

int count = 0;
for (int i=0; i < n; i++)
if (A[i,count]) count++;
Determining whether the value @bunt at the end of this fragment is some valués easily projection-reduced to

1LGGR. If ILGGRe NC', then this code can be parallelized in some way that is not readily apparent@glggt:) time
instead of the) (log® n) time from pointer doubling.
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7.45 11LGGR

The easiest problem in our hierarchy, 11LGGR, has an interesting alternate formulation. Consider a data structure holding a
varying number of items and supporting the following two operations:

e insert(i) places a new element in positioand moves all higher-numbered elements up by one position, and

e delete(i) removes the element in positieand moves all higher-numbered elements down one position.

Given such a structurd, a sequenceof inserts and deletes, and a position A, define the predicatBreserves(A, s, i, j)
to be true iff the item in positiomat the beginning still exists and is in positigrafter s is executed.

This problem is reducible to 11LGGR, because we can make a grid where each row represents a time step, each column
represents a position, each vertex represents an item at some time, edges go southwest, south, or southeast to represent the
movement or non-movement of an item, and a path thus traces the history of a given item.

What is interesting is that thiBreserves problem iscompletefor the class of problems first-order reducible to 11LGGR.

Given an arbitrary 11LGGR instance, we can interpret a layer as a time step in the history of a similar but more complicated
data structure, where several vertices might be inserted or deleted at the same time, corresponding to the sources or sinks
among that layer of vertices. But these operations may be sequentialized into single inserts and deletes as above. If we do
this for each layetz, we get aPreserves problem equivalent to the 11LGGR instance.

7.5 Acyclicity and Single-Source

We have no logspace algorithm to test whether a given directed grid graglydiic, because this problem is hard for
LGGR (which is not known to lie i). But in Section 9 we will present logspace algorithms for two special cases of general
acyclic GGR.

These are theingle-sourceproblem SMGGR and theingle source, single-sinlproblem SSGGR. (In each case we will
assume, as per Proposition 14, that the source occurs on the boundary of the grid graph.)

Even the latter problem is non-trivial in our hierarchy:

Lemma 27 1LGGR<F9 . SSGGR

—Pproj

Proof: Appealing to Lemma 22, leff be a layered grid graph with some east edges and all possible south edges, with
northwest corne(0, 0) and southeast cornét, b). We form a graphfl by adding one new row each north and soutltof
and one new column each east and west offitwill include all possible south edges, and its east edges will be thoSe of
plus all those in the two new rows. These changes do not affect reachability between verticésibin # (—1, —1) is the
only source anda + 1,b + 1) is the only sink.0

Since most of our arguments in Section 9 apply to any graphs embedded in the plane, we will present them in general
form and note where thie constructions may be carried outi® + UGGR in the case of grid graphs.

8 Lower Bounds
8.1 ATC® Lower Bound For 11LGGR

Even the easiest version of GGR we have considered has nontrivial complexity:

Theorem 28 The probleml1LGGRis hard for TC® under first-order reductions.

Proof:  Our reduction is from the complete problem EXACTLY-HALF, the set of binary strings with exactly the same
number of zeroes and ones. Given a string- wy . . . w, _1 of lengthn, with n even, we construct a grid graghthat is an
n/2 4+ 1 byn/2 + 1 square with vertices number¢g, 0) through(n/2,n/2). The edge out of verte, j) is to the east (to
(i +1,7)) if w;1; = 0and south (tqs, j + 1)) if w;+; = 1. Thus all of the vertices in each diagonal have edges all in the
same direction (where the vertices in diagohale the vertices; ; such that + j = k). On the east and south boundary, a
vertex is a sink if its edge, by this rule, would leave the graph.

Itis clear that this graph is layered and has both maximum indegree and outdegree of 1, and thus is an instance of 11LGGR
once we set = (0,0) andt = (n/2,n/2). Equally clearly, the unique path out efvill take one edge east for every zero in

20



w and one edge south for every one, until or unless it reaches the east or south bourddaltyrefcheg if and only if the
input string is in the language EXACTLY-HALF. The reduction is a simple first-order projedtion.

We can define a special case of 11LGGR thabispletgor TC’. Suppose that the indegree and outdegree of every vertex
is exactlyone, except for vertices on the boundary. This condition forces all the edges from vertices on a-giyen k
diagonal to go in the same direction. Thus it must be exactly the encoding of some string under our reduction from EXACTLY-
HALF to 11LGGR. Given two vertices = (¢, j) andt = (¢/, j'), we need only find the substring, ; . .. w4 ;1 of this
string, and determine whether the number of zeroes in this string is exaetly. This is clearly easy to do by reduction
to EXACTLY-HALF and is thus in the clas§C". Since our earlier reduction always produces 11LGGR problems falling
within the special case, the special case is complet& @«

8.2 AnNC' Lower Bound: Series-Parallel Graphs

We now show that except for the minimal problem 11LGGR, each of our versions of GGR is hard for thHClass
Our proof constructs a graph withparticular series-parallel decomposition. (By contrast, Jakebgl. [JLR0O6] deal with
graphs thaadmitsuch a decomposition.) While the GGR problem for such pre-decomposed grapt&as, iwe have no
NC' upper bound for any of the versions of GGR we have defined above.

Theorem 29 The problemlLGGRis hard for the clas$\C' under first-order projections.

Proof: Our reduction is from a special case of the Boolean sentence value problem, proved to beNGthaimd hard

for NC! by Buss, Cook, Gupta, and Ramachandran in [BCGR92]. A Boolean sentence is an infix Boolean formula with
constants 0 and 1 and binary operatars/, and—, and BSVP is the set of such formulas that evaluate to 1. In Theorem 5.1
of [BCGR92], they construct a Boolean sentence whose value is equivalent to that of an aébftrgry) time alternating

Turing machine on a given input string of lengthHere we will use the fact that the sentence they construct is always:

e monotone (has ne operators),
o fully balanced (every constant occurs at the same depth), and

e alternating A\ andV operators alternate).

We describe a general inductive construction that takes a monotone Boolean serdedqaroduces a square grid graph
G, that contains all possible south edges, some east edges, and no north or west edges, such that there is a path from the
northwest to the southeast corner®f if and only if ¢ is true. Figure 14 illustrates the construction.

As we observed in Section 7.2, 1LGGR can be defined in terms of reachability from the northwest to the southeast corner
of such graphs. In the special case of a monotone, fully balanced, and alternating formula, our construction can be simulated
by a first-order projection. This will show that the 1LGGR problem is hard\fat! under such projections.

We map constants to 2 by 2 graphs, with no east edges for a consasat an east edge on the south boundary for a
constantl. Clearly a path from northwest to southeast exists¥prand not forG.

If ¢ is the formulaa A 5, anda and g are already represented by square grapghsindG s with sides of length: andb
respectively, thel, is a square graph with side length- b with G, in its northwest corner an@ in its southeast corridor.

The rest ofG; has only the required south edges, except for a single east edgédrem a) to (a, a), the northwest corner

of the copy ofGs. If there are paths from the northwest to southeast corne€s,ciind G respectively, there is a path
from the northwest corng0, 0) of G, to (a — 1,a — 1), south one step, across the east edg@ta), and acrosss to
(a+b—1,a+b—1). Butthe only way from columm — 1 to columna is across this east edge, and thus the only way to
get from(0,0)to (a +b—1,a+b— 1) is to cross botlz,, andG 3 from northwest to southeast corner. The path actgss
thus exists if and only if both and g are true, that is, if is true.

Similarly, suppose thap = o vV 3 anda and 3 are already represented as above. We make a square graphaif
sidea + b as before, placing, andGg as before. This time, our added east edges form two paths,(freml,a — 1) to
(a+b—1,a—1)andfrom(0,a) to (a,a). We must show that a path exists frém 0) to (a +b—1,a + b — 1) in G, iff
a path existeitheracross,, or Gg. If the path exists across,,, we may take it and then go due east to column b — 1
and then south to our goal. If the path exists ac@gswe can go from0, 0) south to(0, a), then east tda, a) and across
this path to our goal. Conversely, suppose there is a path(foi) to (a +b— 1,a+ b — 1). Since there are only two edges
from columna — 1 to columng, the path must use one of them. If it uses the edge ffom 1,a — 1) to (a,a — 1) it must
have previously crosse@,,, and if it uses the edge frofa — 1, a) to (a, a) it must then cros&:s.
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Figure 14. The construction of  G. All south edges are present.

If ¢ is a monotone, fully balanced, alternating Boolean sentence of deftils construction produces a square gragh
of side2¢*!. To constructs,; from ¢, we need only place the east edges. For'theof the 2¢ constants i, we add an edge
from (2¢ + 1, 2¢) to (2¢ + 1, 2¢ + 1) iff this constant isl. Without loss of generality, assume that the lowest-level operators
in ¢ are/’s. Then the east edges corresponding taperators go fronti2’ — 1,i27) to (i27,i27) whenever andj are both
odd. And the east paths corresponding to\theperators go fronfi2? — 1,i29 — 1) to ((i + 1)29 — 1,927 — 1) and from
((i — 1)27,427) to (i27,427) wheneveri is odd andj is even. It should be clear that, can be produced from suchzeby a
first-order projection, since each edgetaf depends on at most one charactepof

9 Acyclic Single-Source Graphs

In this section, we present our results for Single-Sink Single-Source planar DAGs (SSPDs) and Single-Source Multiple-
Sink Planar DAGs (SMPDs).

Definition 30 An embedding of a planar DAG is said to bBitnodal if, for every vertexwv, all incoming edges appear
consecutively in the cyclic ordering around The embedding is said to hav&SPDfaces” if each face (viewed as a
subgraph) has a single source and a single sink.

Some properties of SSPDs and SMPDs are summarized below:

Fact31 1. There is a path from the source to every vertex in e@MPD (and thus in everggSPD.
2. There is a path from every vertex to the sink in e\&B8PD
3. Every embedding of @SPDis Bimodaland hasSSPDfaces. (see [Yan91]).

4. There is a logspace algorithm that, given @W§PD G, constructs a directed spanning trééfor GG, rooted at the
source. (The algorithm simply selects (arbitrarily) one incoming edge for each vertex; it is easy to see that this is a
directed spanning tree.)

5. Preorder and postorder numberings yielding the discovery tiigcover(r)) and finishing timeFKinish(z)) for each
vertexz, with respect to a depth-first search of the spanning &feean be computed bylatransducer.

It is easy to see that forward edges in a depth-first sear€haain be deleted without affecting the reachability predicate.
(A non-tree edg€z, y) is a forward edge ify is a descendant af in 7'.) Since it is easy to delete such edges in logspace
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(and, in the case whefd is a grid graph, this can also be doneH® + UGGR), we assume from now on ththere are no
forward edgesWe classify edges with respect to the spanning tree obtained above as follows:

Definition 32 Given an embedding of aBMPD and one of its spanning trees, all edges in 8idPD fall in one of the
following classes:

e Tree Edges

e Local Edges: non-tree edges such that the unique undirected cycle formed by adding the edge to the tree does not
enclose any vertex strictly within its boundary.

e Jump Edges: non-tree edges that are not local edges.

We observe the following:

Observation 33 If a subgraph of arBMPDdoes not contain any jump edges, then it has all its sinks on the external face.

Proof: Any sink not on the external face must be contained strictly within some undirected cycle — but, by definition, any
undirected cycle that contains no jump edges does not strictly contain any vertex.

Definition 34 GivenG and a spanning tre& as above, then for any vertex# s we define théeft-most (right-most) path
starting fromz to be the path such that every edge z) on the path is the last (resp. first) edge among all outgoing edges
fromy enumerated in the clockwise order, starting from the unique edgerimtd’.

9.1 Reachability in SSPDs

Theorem 35 SSPDreachability is inL.

Proof: We first state a lemma regarding the set of vertices reachable from a fixed vertex in a given SSPD.

Lemma 36 Let R be the closed region bounded by the left-most and right-most paths from a védéke sinki. The set
of vertices inR is exactly the set of vertices reachable from

This lemma tells us that, in order to determine whether there is a directed path.ftom, it suffices to consider the
left-most and right-most paths fromto ¢ and find whether either of them intersects an arbitrary path fdmv. More
precisely, take the reverse of the left-most path froto s in the SSPD formed by reversing all edges in the given SSPD, and
call this pathp. There is a path from to v if and only if p intersects either the leftmost or the rightmost path froto ¢.

This yields a logspace algorithm and proves the theorem; it remains only to prove the [eEmma.
Proof: (of Lemma 36)

To see that each such vertgxs indeed reachable from, we note that the subgraph in this region is itself an SSPD, and
then appeal to Fact 31.

To see that no vertex other than those in regidis reachable fromx, suppose to the contrary there is such a vegtex
and a directed patk from x to y. Then sincer € R, let the pathP exit the regionR for the first time at vertex, i.e., let
(w, z) be an edge itP such thatv € R butz ¢ R. But since the “left-most” outgoing edge fromis part of the boundary;, it
follows that all the other outgoing edges end in vertices lying either strictly witham on its right boundary, contradicting
the choice ofw. O

Corollary 37 The problenSSGGRis in FO + UGGR

Proof: Let GG be a single-source, single-sink grid graph, with the source on the boundary. We can easily construct the
directed tree of Fact 31 as a first-order projectiodzofind then by Theorem 18 we can compute all the predicates necessary
to define the depth-first search of this tre¢-@ + UGGR. The argument of Theorem 35 refers only to reachability in graphs

of outdegree one, which is computableH® + UGGR by Lemma 100
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9.2 Reachability in SMPDs

Theorem 38 SMPDreachability is inL.

Proof: We defer to later the question of how to recognize whether a given graph is an SMPD. Assume for now that we are
given a DAGG that is an SMPD with sourceg and we are trying to determine whether there is a path frdow.

Construct a directed spanning trEeas in Fact 31. Itis easy to check in logspace whethisran ancestor of (in which
case there is a path fromto v) or u is a descendant of (in which case there is no path, sinGes a DAG). So we assume
thatw is neither an ancestor nor a descendani.oflence, there is some first edg@e ¢) on the tree path from to u that
is not on the tree path fromto v. Also note that no path from to v can visit any descendant of thus we can delete all
proper descendants of so thatv is a leaf. Embed~ so thatv is on the external face.

Visualize the planar graph with the sourget the center of a circle with tree paths franto the leaves spread out
approximately as radial lines to its circumference. Further, let the pathweéitha leaf be embedded as a straight line below
s, and with the edgép, ¢) embedded so that is directly aboves, with the rest of the path ta embedded as a straight
line aboves. Pick some arbitrary path (say, the leftmost path) froto a leaf and embed this path straight abeveThis
visualization is only for the sake of providing a vivid description of the algorithm:; it will be straightforward that the necessary
calculations can be done in logspace.

Note that the tree is arranged in a disk arounaith u, s, andv arranged along the vertical axis. The axis divides the
graph into the “left” and “right” regions. Any vertexin the left region divides it into the ancestorsagfthe descendants of
x, vertices between andu, and vertices betweenandv. A vertex in the right region also divides it in the same fashion.

For any two vertices andy such thatc is neither an ancestor nor a descendant aind bothz andy lie on the same side
of the axis, this notion also determines whichvadindy is closer tou and which is closer to. For instancey is closer tou
thany if the region between andu is contained in the region betwegrandw.

Again in this view, consider a non-tree (local or jump) edgey), that does not cross the axis. If it is on the right (left)
side of the axis, then it is said to be directedvard v if it is embedded clockwise (counterclockwise) around the disk, else
it is said to be directedway fromu. It is easy to see that this notion of direction can be determined for any(edggin
logspace, by comparing the discovery and finishing timesaridy with that ofu andwv.

Definition 39 An edge is callediselessf it is directed away from v.

Fact 40 If there is a path from, to v, then there is a path that uses no useless edges.

Proof: Consider a patlp from u to v that uses the fewest number of useless edges among all paths fmm Suppose
contains some useless edge, anddey) be the first useless edge pnlf a andb are two vertices appearing gnthen let
p(a, b) be the part op that leads fromu to b.

If p(u, x) intersects the tree path frosrto y at z, then we can clearly construct a pattcomposed op(u, z), followed by
the tree path from to y, followed byp(y, v). Thusp’ is a path fromu to v with fewer useless edges (since it avofdsy)),
contradicting our hypothesis.

Otherwisey is in the closed region bounded by the tree paths fsdmaz and froms to u, along withp(u, ). Sincev
is embedded on the external faedjes outside this region. Thuygy, v) must intersect the boundary of this region, which
would create a directed cycle, contrary to the fact thag a DAG.O

In logspace we can detect and remove useless edges; we therefore assurmkabaip useless edges. (Recall that we
have already removed the forward edges fiGh

We need to define some basic search routines.

Definition 41 Given anSMPD G and a vertexz, let ReachLocal{) be the set of vertices reachable franusing only tree
edges and local edges.

Lemma 42 The predicatey € ReachLocal@) isinL.

Proof: Remove all of the jump edges fro6i, and call the resulting grap®’. Since there are no jump edges, all the sinks
in G’ lie on the external face (by appealing to Observation 33). Construct a new @fapy adding a new sink t¢&:’ along
with an edge from each old sink to this new sink. Cle&yis an SSPD. Note that € ReachLocal() if and only if there
is a path fromr to y in G”. The lemma now follows by Theorem 35.

As a consequence, we are able to make the following definition.
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Definition 43 Given vertext # u, defineFarthestReach() to be the vertex irReachLocal() that is on the same side
of the axis ast and which is farthest froma (i.e. closest ta). Note thatFarthestReach() can be found via a logspace
computation, given;, as a consequence of Lemma 42.

For x = u, we can similarly enumeratReachLocal(:) and find the farthest vertex fromin the enumeration, on the left
and right side of the axis ih. Let’s call these verticekeftReach(u) and RightReach(u) respectively. Ties are broken by
choosing the vertex that is closer to the rgot

Observation 44 For any vertext # u, there is no jump edge in the region enclosed by the following three paths:
o the tree path frons to z,
o the tree path frons to FarthestReach(), and
e any pathp of tree and local edges fromto FarthestReach().

A similar statement holds far = u, where we replac€&arthestReach() by eitherLeftReach(u) or RightReach(u).

(The observation follows by noting that any such jump edge, by definition, properly encloses a vertex in the region enclosed
by the undirected cycle it forms with the tree paths froto its endpoints. Such a vertex would also be enclosed in the cycle
formed by some local edge gnin contradiction to the fact that no such vertex can exist for a local edge.)

Our basic strategy is as follows. We shall maintain an explored region, within which all vertices that are reachable through
existing edges have been enumerated. The “explored region” is marked by two boundary vertices on the left and right sides
of the axis, which we will store dsimleft andLimright , respectively.

Definition 45 All vertices that lie betweehimright andu, and betweelhimleft and«, and the descendants bimright
andLimleft , constitute thexplored regionHere is another way to visualize the explored region. Consider the tree paths
andp, that lead froms throughLimleft andLimright , respectively, and then continue on to the descendehisndéft and
Limright that are closest t@. The pathg, andp, partition G into three parts:

1. vertices inpy U p,.,
2. vertices above, U p,. (i.e., closer tou),
3. vertices below, U p, (i.e., closer tow).

The explored region consists of the vertices in the second block of this partition, togeth&imiligft and Limright and
their descendents.

The procedure stops with a positive answer i enumerated, or stops with a negative answer if neitlmateft nor
Limright progress in an iteration.

The algorithm starts with a local search framLimleft andLimright are updated theftReach(u) andRightReach(u).
We then look for a jump edger, y) such thate lies in the explored region angdlies outside it, and such thatis closest to
the explored region. A local search is performed frgio expand the explored region, ahithleft or Limright is updated,
to mark the new border of the explored region.
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SMPDReachu, v)

EnumeratdReachLocal:)
if v is enumerated
then return true
Limleft «— LeftReach(u)
Limright «— RightReach(u)
zZ U
while true
do
S — {(z,y) : (x,y) is ajump edge with
x in the explored region and
y in the unexplored regidn
if S is not empty
then pick (x,y) € S such that
y is closest ta; on either the left side
or the right side of the axis.
(i.e., as close as possibleltanleft or Limright ),
breaking ties by picking
as close to the roatas possible
Z—y
else returnfalse
EnumeratdreachLocalg)
if v is enumerated
then return true
if z is on the left side of the axis
then Limleft «— FarthestReachg)
else Limright «— FarthestReachg)

It is clear that the algorithm can be implemented in logspace.

Note that, since is a leaf on the external face, and since all useless edges have been détefeft], will always be to
the left ofv (unless it is equal te), andLimright will always to be to the right of (unless it is equal to). Thus, ifv ever
enters the explored regionwill be enumerated.

In order to argue that the algorithm is correct, we will establish the following invariant condition: Eachitimight or
Limleft is updated,
(2) all vertices that are enumerated are reachable from
(2) if there is any path from to v, then there is a path fromato v that does not visit any vertex in the explored region that
has not been enumerated,
(3) all jump edges that go from the explored region to the unexplored reigiordges inS) begin in an enumerated vertex,
and
(4) all jump edges that go from the unexplored region into the explored region end in an enumerated vertex.
The proof of the invariant relies strongly on the absence of forward edges and useless edges.

We must first establish that the invariant holds the first timeltimtight andLimleft are updatedLimright andLimleft
are first updated theftReach(u) andRightReach(:). By definition, all vertices enumerated ReachlLocal(:) are reach-
able fromu; this establishes (1). Suppose there exists a veriexhe explored region that has not been enumerated, although
there is a path from throughz to v. Letp be a path fromu throughz to v. Since any descendent of an enumerated vertex
is enumerated, such a vertexnust lie properly inside the regioR enclosed by the paths (s, Limleft ), p,(s, Limright ),
and the paths from to Limleft andLimright . (Recall the definitions of, andp,. from Definition 45.) Consider the first
edge(z, y) on this path wherg lies inside the regio®. (Clearly,x must lie on the boundary d?.) By Observation 44, the
edge(z, y) cannot be a jump edge. dflies on the path fromu to Limleft or Limright , then(z,y) must be a tree edge or a
local edge, which means thatwvould have been enumerated (contrary to hypothesis). Ztmsst lie onp,(s, Limleft ), or
pr(s, Limright ). Assume without loss of generality that it lies pn The path fromz: to v must exit regionR somewhere
(sincew lies outside this region). If the path crosses the boundary af some poing/’ along the paths from to Limleft
or Limright , then there is a path fromto ¢’ that follows only enumerated vertices, and hence (2) is satisfied. On the other
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hand, if this path crosses the boundaryidit a pointy’ onp,, then there is a path fromto ¢’ using the tree edges qn that

does not visit any of the vertices iR, and again (2) is satisfied. The remaining case is that the path crosses the bouttiary of
at a pointy’ onp,.. If z lies to the left of the vertical axis, then the path franto p, must use useless edges, in contradiction
to the fact that all useless edges have been removed. Thus the weniest lie on the vertical axis. Since it lies outside the
explored region, this means thatis an ancestor ofi. But this also leads to a contradiction, since this means that there is
a path fromu to an ancestor of;,, implying that there there is a directed cycle, althodgks acyclic. We conclude that (2)
holds.

For part (3) of the invariant, it suffices to observe that, by Observation 44, the only jump edges from the explored region
start at the descendents of vertices that are enumerated (and thus the start vertices of these jump edges have also been
enumerated). For part (4) of the invariant, note that, by planarity, any jump edge from the unexplored region into the explored
region must also land at vertices that are enumerat&gachLocal().

For the inductive step, consider the case whéngeft is updated afteReachLocalk), andz is reached through a jump
edge(z, z). Let the old value otimleft bel. Thenz lies in the explored region bounded betwdémright and!. The
invariant implies thafx, z) is reachable fromu, and hence all vertices enumeratedRBachLocal() are reachable from.

This establishes (1).

To establish part (3), let us now see that any jump edge in the neSviseeachable fromx. No jump edge that begins in
the region enclosed by the cycle formed(by z) and the tree edges connectingndz to s can go to the unexplored region
(by planarity), and thus no such edge can b&inThe only other jump edges that are added' tmust start at vertices in
ReachLocal) (since by Observation 44, there are no jump edges from any other vertex that is added to the explored region
at this step). Since, as we have just observed, all verticBeathLocal) are reachable from, this shows that all jump
edges inS are reachable from. Similar analysis of the jump edges that go from the unexplored region into the explored
region shows that such jump edges must land at enumerated vertices, which establishes (4).

Let us now show that (2) holds. It suffices to consider paths fucmv that visit some vertex’ in the explored region,
betweerLimleft andi, which did not appear in the enumeratiorRéachLocal). Letp be a path fromu to 2’ that visits the
least number of vertices that have not yet been enumerated. Consider the first’eggen p that reaches an unenumerated
vertex. The edgér’, y') must be a jump edge (or elsewould have been enumerated), arids either in the region bounded
by Limright andl, orz’ is enumerated iReachLocal¢). In the first case, sincer, z) was the closest jump edge # this
vertex must lie in the unexplored region. The same conclusion follows in the second case, due to the absence of useless
edges. Thug goes out of the explored region.

Sincez’ lies in the explored regiom must re-enter the explored region. If it re-enters the explored region via a jump
edge, then by part (3) of the invariant (which we have already established), it lands at an enumerated vdries (by
(1), which we have already established) there is a path froaony” that stays entirely inside the explored region, contrary to
our selection op as the path te’ that visits the least number of vertices from the unexplored region. Thus we can conclude
thatp re-enters the explored region via some e@gé y") that is either a tree edge or a local edge. But this means that the
vertexz” must be lie orp,(s, Limleft ), or p,.(s, Limright ). Assume without loss of generality that it lies pn As in the
basis case, we know that cannot be an ancestorofbecause this would yield a directed cycle), and thiusnust be to the
left of the vertical axis. The path fromi’ to v cannot exit the explored area alopg since this would imply the existence
of useless edges. If the path leaves the explored area via a jump edge, then by (3) the start vertex of this jump edge is an
enumerated vertex, and thus we could have visted fewer vertices from the unexplored region. Thus the péthtdrom
must leave the explored area algng(in which case we could have followed tree edges fréhto this point onp, and not
visited any unenumerated vertex from the explored region). This establishes (2).

A similar argument applies wheanmright is updated, and thus the proof of the invariant is complete. From the invariant,
it follows that if v is enumerated, then it is reachable framOn the other hand, supposeés reachable from, but it was
not enumerated. By our observations made before establishing the basis case of the imvamigsttje in the unexplored
region if it is not enumerated. Consider a patftom « to v. Let (x, y) be the edge ip that goes from the explored region
to the unexplored region, as defined by the final iteration of the algorithm. This edge would have belofigedrte final
iteration, soS would not have been empty, and the algorithm would not have terminated in this iteration, a contradiction.
This completes the proof of correctness of the algorithm.

a

We remark that is the best upper bound that we have on the complexity of this problem. We do not know of a first-order
reduction to UGGR.
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9.3 Two Sources

In an earlier version of this work [AB€06], we claimed that reachability in acyclic planar graphs with constantly many
sources could be shown to be solvablé ihy an easy extension of the techniques used to prove our other results. Unfortu-
nately, this claim proved over-optimistic; we currently see only how to present logspace algorithms for reachability in planar
acyclic graphs with two sources, and the extensiorfftr) sources remains an open problem. In this section, we sketch our
algorithm for graphs with two sources.

The first step is to find an undirected path between the two sources, and then (as in Section 3) cut along this path and invert
the graph, putting the two original sources on the external face. Note that, by cutting along the path, we may have created
additional sources, but all of them are now on the external face.

Next (again following the approach used in Section 3) sew togé¥ie} copies of this graph along the copies of the path
that was cut apart in step 1. There is a path froto v in the original graph if and only if there is a path framo one of the
copies ofv in this new graph. In this new graph, all of the sources are still on the external face.

By adding one new vertex, along with edges from to the sources on the external face, we obtain an SMPD, and it
suffices to solve the reachability question on this graph.

9.4 Recognition of SSPDs
We prove:

Theorem 46 Recognition o5SP can be done ih.

In order to prove this, we use the following:

Lemma 47 In any planar graph with a single soureeand sinkt and no facial cycles (that is, no cycles around a face of
the planar embedding), any directed cycle separataad¢. (That is,s andt cannot both be embedded in the interior (or
exterior) of any directed cycle.)

Proof: We give a proof by contradiction. Assume that there is a directed éy¢leot a facial cycle) that does not separate
andt. Assume without loss of generality thatindt are both embedded on the exterior/of By deleting all of the vertices
that are embedded outside Bf we obtain a planar grapi with no sources or sinks, such that only its external face (and no
other face) is a directed cycle. We will show that this leads to a contradiction.

G has a smallest cycl€ that encloses no other cycle in its interior. We consider the aycénd its interior. Since by
assumption(' is not a face of7, there are vertices in its interior; (note that if this is not the case,&hbas a chord, which
gives rise to a smaller directed cycle, contrary to our choiag)ofThus there has to be some edge leading from some vertex
v1 onC to one such interior vertex, (or an edge from an interior vertex to a vertexv; on C' - the reasoning for this case
is similar). Given that no vertex iy is a source or a sink, we have at least one outgoing edge#sofollow that to a third
vertexwvs, and repeat the process of choosing an arbitrary outgoing edge and following that edge. Clearly, this process can
end in one of two ways. Either the sequence of vertiges,, - - - , v;, satisfy thatv; = v; for somei, 4, in which case we
have a smaller cycle thafi lying insideC, or the sequence of vertices, vo, - - - , v, meetsC again (i.e.vy lies onC), in
which case we have again a proper cycle lying ingideontrary to the minimality of”. O
Proof: (of Theorem 46) In the following, we are given a planar grépalong with an embedding on the plane. We perform
the following tests:

1. DoesG have a single sourceand a single sink?

2. Does every face dff have a single (local) source and a single (local) sink?
3. IsG bimodal at every vertex?
4

. For every vertex of graphG, consider all the incoming edges. Delete all incoming edgesatept for thdeftmost
incoming edge (pick any arbitrary incoming edge at the sink node). Call the residual@raphls there a path from
stotin Gleft?

5. For every vertex of GG, consider all the incoming edges. Delete all incoming edgeseatcept for therightmost
incoming edge (with a similar proviso fey. Call the residual grap&',.;4.. Is there a path from to ¢ in G,gn:?
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Figure 15. ¢ inside cycle C, s outside

If all of the tests above are answered affirmatively, we claim¢ha indeed an SSPD.

Observe that.s» andG.,45; are indegred-digraphs for any.

Clearly if G is an SSPD, then by Fact 31, we know tiapasses all the above tests (in this casg,s: andG,.4,: are
both trees).

So supposé: passes all the above tests, and yet has a directed €Cydlée show that this leads to a contradiction.

By Lemma 47, we only have to consider the case where thetdiek insideC' while the source lies outsideC (i.e., C
separates fromt). See Figure 15.

Consider all the edges from outsidethat are incoming to some vertex éh(for instance, edge in Figure 15). Suppose
the cycleC were as directed as in Figure 15, then in Step 4 where all but the leftmost incoming edges are deleted, all such
incoming edges t@’ get deleted. So, it7;.;» among all the edges betweé€hand the outside of’, we only have the
outgoing edges front (it is of course possible that some of the edge€’asiso get deleted in this process).

But now it is clear that7 fails test 4, contrary to our assumption. To see this, assume that there is a directed path from
stotin Gi.r. That path intersectS’ at some place, and it can only be directed from the exterior of C tow@rdsut we
deleted all of these incoming edges in constructifige; — So no such path can exist.

Since we are not sui@priori what direction the edges dari might have, we have to includmthtests 4 and 5. In one of
these tests, the edges incoming’tdrom the outside will get deleted and disconnefrtbm s.

So, if G has a directed cycle, then there is no path feoto ¢ in eitherGic s, or Grighe.

Thus, we have recognized SSPD4.in

a

Corollary 48 LetG be a single-source, single-sink directed grid graph. The problem of determining widéties a cycle
(and hence whethe¥ provides an instance @8SGGR is in FO + UGGR

Proof: We need only examine the five steps in the proof of Theorem 46. The first and third are simple first-order questions.
The second requires traversing the boundary of a face of the embedding to count the local sources and sinks, which is a
1GGR and hence a UGGR question. The fourth and fifth are reachability questions in a graggoéeone, which are

easily converted to 1GGR questions on that graph’s reversal.

9.5 Recognition of SMPDs

Theorem 49 Recognition oSMPDs can be done ih.
Proof: We perform the following tests:
1. We first check whether the given gra@tis planar, and if so, find a planar embedding-bfAMO04].

2. Check whether the digrapgh has a single source. If not, return “false”.

Henceforth we can assume th@thas a single source We first transform the given embedding so théies on the
external face. We now need to check whetfidnas a cycle.

3. We construct a subgragt of G as follows: for every vertex that is not the source, retain a single, arbitrarily chosen,
incoming edge to the vertex and delete all other edges. Check whiétisea directed tree. If not, return “false”.

29



Supposel is a directed tree H clearly inherits its embedding froi@. Compute a depth-first-search numbering of
H. We refer to the non-tree edges@Gh(with respect to the tre#) ascross edgesin this embedding of7, the cross
edges can be classified into two types:

e Type | edges are those going right-to-left (i.e. a cross €dgeg) is Type | if Finish(a) > Finish(b)).
e Type Il edges are those going left-to-right (i.e. cross edges) whereFinish(a) < Finish(b)).

4. Now, we check whethe# with the underlying spanning tre has any back edge. If so, we have clearly found a
cycle, soG is not an SMPD. Otherwise, delete all forward edges fidm

Create two graph&’ andG”': in G’ remove all edges fror& of Type |, (but retaining all edges of Type Il), andd@’,

remove all edges of Type Il. We observe that botlz6indG” are SMPDs (because any cycleGirhas to use edges

of both types - also we are not creating any more sources, but removing all edges of a specific type can potentially
create more sinks). Thus, we can solve reachability questio@s (ar G”’) in L.

5. Choose a cross ed@e b). If (a,b) is a Type | edge, then quety’ to find whether there is a path frobrto a. If there
is such a path, return “false”. Likewise,(if, b) is a Type Il edge, then query” to find whether there is a path fron
to a. Again, if there is such a path, return “false”.

It is easy to see that & is an SMPD, then it passes all of the above tests. This is be€airssuch a case will neither have
a back edge nor any cycle. We thus need to prove th@tpasses all the tests above, it is an SMPD. For this purpose, we
introduce the following terminology

Definition 50 A (directed) cycle isninimalif the set of cross edges contained in it is minimal among all cycles with respect
to inclusion.

A directed path of tree edges that begins and ends on a directed cycle (and that does not otherwise intersect the cycle),
will be called atree chord

It is easy to see the following:

Lemma 51 A cycle is not minimal if it has a tree chord.

We use the above lemma to prove:

Lemma 52 Any minimal cycle either contains exactly one edge of Type | or contains exactly one edge of Type II.

Proof: Consider a minimal cyclé€’ in G. Clearly,C must contain at least one edge each of both Types | and II.

Consider any vertex on C. The tree-path from the souree(remembering that lies on the outer face) to cannot
intersectC: if it did, then that would be a tree chord, contradicting the minimalitg'dfy Lemma 51.

So we can assume that for all vertiaeen C, the tree-path te does not intersect the interior 6f.

Since cycleC' has edges of both Type | and Type I, let us consider two edggsb, ) of Type Il, and(as, b2) of Type .
Given the constraint that the tree-paths cannot intersect the inteiigrtofjether with the constraints that the tree-path;to
is to the left of the tree-path tly (because edgg:, b;) is of Type Il) and the tree-path @, is to the right of the tree-path
to by (because edges, b2) is of Type 1), the situation is as in Figure 16. The dotted paths fs¢athe vertices o' are the
tree-paths.

But now we see that, under the constraint of planarity, any €dg8 lying on C betweerb; andas has to be such that
the tree-path t@ lies to the left of the tree-path @ So any cross edge lying betweknanda, has to be of Type Il. The
same holds for any cross edge lying betwéganda; .

The symmetric case where the edge, b;) is of Type | and(az, b2) of Type Il is handled similarly.

Thus we have proven that any minimal cycle can contain exactly one edge of Type | or exactly one edge of Type IlI.

a
Hence if there is a cycle i@, then there is a minimal cycle that contains exactly one edge of Type | or Type Il by Lemma 52,
and we discover such a minimal cycle in Test 5. We have thus proved Theorém 49.

Clearly, this algorithm gives an alternative logspace algorithm for recognition of SSPDs. Also, it yields an algorithm to
recognize if a graph is a MMPD with two sources. (Namely, gig&rirst check that7 has two sources, and then apply the
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Figure 16. Tree-paths to edges around C

construction of Section 9.3 to create a new gréphlt is easy to verify tha&’ is a SMPD if and only ifG is a MMPD with
two sources.)

In contrast to Corollary 48, we do not know how to adapt this proof to determine whether a single-source grid graph has
a cycle (and hence whether it provides an instance of SMGGR) in thellass UGGR. This is because the algorithm
presented above appeals to the SMGGR recognition algorithm of Theorem 38, and we do not know how to carry out this
algorithm inFO + UGGR.

9.6 Planar digraphs with a few cycles

In the above, we have considered the reachability and recognition questions for different classes of DAGs. We may now
ask: is the acyclicity condition essential for being able to perform the above tasis lifere we show that wean solve
some reachability questions, even when the graph has a few cycles, in

Consider the clas§ of planar graphs that have a single source and a single sink and are embedded in the plane so that
they have ndacial cycles (no faces that form directed cycles). Note that the recognition problem for graphs of thgislass
easily inL. We prove:

Theorem 53 Reachability questions in graphs from the clgssan be solved ii.

Observe that any SSPD belongs to the clasalso note that a grapt¥ € G is not necessarily bimodal.
Proof: Given an embedded planar gra@ghwith a unique source and sink¢, and no facial cycles, Lemma 47 tells us that
any cycle in the graph separateandt.

Now we proceed to reduce reachability question&ito a reachability question in an SMPD.

We can find a path (not necessarily a directed path) froar in L. Now we apply the cut-and-paste method from Section
3 by cutting along the path betweerand¢. As in Section 3, after cutting along the path frerto ¢ and inverting the graph
inside out to get a grapty’, we pasten copies of G’ along the path frons to ¢ to get a graphG” which preserves the
connectivity ofG (in the sense that there is a path franto v in G if and only if there is a path from one of the copies of
u to one of the copies af in G”) and hass andt on the outer face. However, in this process, because the pathsftom
is not a directed path, we have introduced some more sources and sinks on the outer face. Now we can add a single source
vertex and connect it to all the sourcesGti to get a grapl’”’. One can verify that:"’ is an SMPD, since it still satisfies
the properties ofj, but nows andt are on the external face, and thus there can be no directed cycles. (That is, any cycle
in the original graph is destroyed when we cut along the undirected path). Hence reachabifity@md thus inz) can be
solvedinL. O

Theorem 54 Reachability questions in outerplanar digraphs can be solvdd in
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Note that outerplanar digraphs, even DAGS, raoeseries-parallel digraphs as considered by [JLR06]. The result above is
trivial for outerplanar DAGSs, since all the sources and sinks lie on the same face, and we can reduce this case to an SMPD.

In the language of book embeddings (see [Yan89] for instance), outerplanar graphs are exactly the onesltpatdeave
embeddings: in short, all the vertices are laid out on the spine of the book, and all the edges are on a single page.
Proof: Suppose we havelapage embedding of outerplanar gra@lgiven to us (here, the vertices are all on the spine asin
Figure 17).

Here, the graplts is not acyclic. The instance to the reachability questiofsu,v) and we are to find whetheris
reachable from:. We can assume thatis the topmost vertex on the spine of the embedding.

We keep two markerBm,,y,, limqo.n, ranging over the set of vertices unioned wftko }.

Call the edges on the spinedinary edges and the edges not on the sjpimepedges. The algorithm is as follows:

1. Initialize the markers a8m.,, = u, limgown = 00.

2. Go down fromiim,,, as far as you can using only ordinary edges. Go up ftony,..., as far as you can using only
ordinary edges. Call the region betweeandlim,, andlimg.., andoo on the spine thexploredregion £.

3. Consider all jump edges between the explored regi@nd the unexplored region. The unexplored region is thereby
an “interval” on the spine of the embedding. Consider the jump eglggs (if any) that land on vertices closest to the
target vertex on the spine, from either side (from above or below).

4. Letj; = (a,b) be the jump edge landing on a vertex closest to the tarfreim below (if any). Updatéim ., = b.
Similarly, letjo = (¢, d) be the jump edge landing on a vertex closest to the tardeim above (if any). Update
limy,, = d.

5. Goto Step 2.

6. If v is discovered at some step then return “true”. If at some step néithgy, nor limq..,» can be changed andhas
not yet been discovered, then return “false”.
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In order to prove that the above procedure is correct, we need to shows eached by our algorithm, thenis indeed
reachable fromu. This follows by an easy induction dimn,,,, limg..n. Specifically, we have to convince ourselves that
verticeslim,y, limq..n are always reachable from This follows via an easy induction, using thgpage embedding of the
graph.

On the other hand, if is not reached by the algorithm, that means that the algorithm stopped at a stage when it could
change neithetim,,, nor limg,., any more. Clearly, in a run of the algorithm, on the spitiey,,,, always stays above
(or is equal tov), and likewiselim g always stays below (or equalsv). Hence, when the algorithm stops there is no
jump edge from the explored region to the interval on the spine betWeep, lim oy (@nd alsdim,y, limge,y, cannot
be extended any further using ordinary edges). But this me&nsot reachable from.

(We remark that Raghunath Tewari has pointed out that an alternate proof is possible, by noticing that the dual of an
outerplanar graph is a tree, and searching for a separating cut in the dual graph. A similar observation was also made much
earlier by Papakostas [Pap95][)

10 Conclusions and Open Problems

Any problem defines the complexity class of those problems reducible to it. There is a general phenomenon whereby
interesting problems, such as general reachability, define interesting classes, Muci’ae GGR problem and its subprob-
lems as outlined here define a hierarchy of new classes, whose relations to each other and to the standard classes between
TC? andNL are shown in Figure 18. (We include the fact that GERIL [BTVO07].)

Are these problems and classes interesting? We argue, particularly in Section 7.4, that many of them have interesting
alternate formulations, sometimes not appearing to involve graphs at all. The computational actions of searching on a grid, of
searching in a maze, of following a laid-out path on a grid, and so forth strike us as fundamental ones, well worth studying.

The natural next questions concerning this hierarchy are whether any of the upper and lower bounds can be improved,
or whether additional containment relations exist among the new classes. In particular, is the SMGGR problem reducible to
UGGR? The proof of Theorem 38, like the proofs for SSPD’s, seems to mostly involve following a laid-out path on a grid,
but we do not yet see how to formulate it solely in terms of this. The question also remains as to whether we can detect cycles
in a general single-source graphA® + UGGR — the algorithm presented here relies on SMPD reachability but this may not
be necessary.

Our logspace algorithm for SMPD reachability expands the class of graphs for which Jetkalby[JLRO6]) provided
logspace reachability algorithms — but our results are not completely extensions of theirs. They procedritingithe
number of paths between two vertices of a series-parallel digraph can be done in logspace. We have no new upper or lower
bounds for the counting problem in the classes of graphs that we study. Another shortcoming of our reachability algorithms
is that they provide no clue about how to findlortestpath, and we have no lower bounds showing that finding a shortest
path is harder than the reachability problem.

Itis entirely plausible that reachability in planar graphs, like planarity testing itselfLis@ur work here fits into a general
program of expanding the classes of planar graphs for which we have logspace reachability tests. A natural intermediate goal
on the way to general planar graphsaisyclic planar graphs, which would be called MMPD in our notation. Also, while
we can easily show that reachability questions in SSPDs reduce to non-reachability, we are not able to show the same for
SMPDs.

We close by noting that the results and techniques introduced in this work have subsequently proved useful in classifying
the complexity of other problems [CD06, DKLMO7]. Recently, logspace algorithms for reachability in some other classes
have been presented by Jakoby and Tantau [JTO7].
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