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Abstract. There has been a great deal of progress in the fifteen years that have
elapsed since Wigderson published his survey on the complexity of the graph con-
nectivity problem [Wig92]. Most significantly, Reingold solved the longstanding
question of the complexity of the-t connectivity problem in undirected graphs,
showing that this is complete for logspace (L) [Rei05].
This survey talk will focus on some of the remaining open questions dealing with
graph reachability problems. Particular attention will be paid to these topics:

— Reachability in planar directed graphs (and more generally, in graphs of low

genus) [ADRO05,BTV07].
— Reachability in different classes of grid graphs [ABT5].
— Reachability in mangroves [AL98].

The problem of finding a path from one vertex to another in a graph is the first prob-
lem that was identified as being complete for a natural subclass of P; it was shown to
be complete for nondeterministic logspace (NL) by Jones [Jon75]. Restricted versions
of this problem were subsequently shown to be complete for other natural complexity
classes such as NGind L. More than three decades have passed since the publica-
tion of Jones’ work, and for most of that time, the outstanding open problem about
graph reachability centered on the complexity of the reachability problemdirected
graphs. This problem was finally resolved by Reingold [Rei05], who showed that it is
complete for L.

There are several other natural graph reachability problems whose complexity re-
mains uncharacterized. The purpose of this lecture is to present some open questions
about graph reachability problems, and to survey some recent progress toward under-
standing these problems.

We make use of reachability problems in order to understand familiar subclasses
of NL, such as L (deterministic logspace), AQthe class of problems solvable by
constant-depth polynomial-size circuits of unbounded fan-in AND and OR gaté), TC
(the class of problems solvable by constant-depth threshold circuits of polynomial size),
and NC (the class of problems solvable by Boolean formulae of polynomial size). Two
other complexity classes turn out to play important roles in our study of reachability
problems: UL and RUL. UL (unambiguous logspace) is the class of problems solvable
by NL machines with the property that, on every input, they have at most one accept-
ing computation path [AJ93]. Although this seems to be a severe limitation, there is
evidence that NL= UL [RA00,ARZ99]. RUL (“Reach” unambiguous logspace) was
introduced in [BJLR91] by imposing a more restrictive condition on UL machines; no
configuration can be reached by two distinct computation paths on any input (even on



rejecting computation paths). Thus on a RUL machine, the subgraph of reachable con-
figurations always forms a directed tree rooted at the start configuration.

AC? C TCO C NC!' C L CRUL C UL C NL.

All of these classes are known to be closed under complement, except UL. All of these
classes except UL also contain sets that are complete underedilictions; this is
trivial except for the case of RUL [Lan97]. UL does contain a set that is complete under
nonuniformAC® reductions [RAQO].

Planarity is one of the most important and most frequently studied graph-theoretic
restrictions, but only very recently has there started to be any evidence that the planar
case might be easier than the unrestricted reachability problem. Reachability in planar
digraphs is now known to be solvable in UL [BTVQ7]. Planar reachability is logspace-
equivalent to the restricted problem of reachabilitygiid graphs as well as to the
more general problem of determining reachability for graphs embedded on a torus (i.e.,
genus 1 graphs) [ADRO5]. Interestingly, nothing is known about graphs of genus 2; it
is possible that computing reachability for genus 2 graphs is hard for NL.

No deterministic algorithm for planar reachability has been found that uses less than
log® n space (although a logspace algorithm was presented in [ABTfor the special
case of planar acyclic digraphs having a single source). One class of digraphs where a
better deterministic algorithm has been found is the clasearigrovesA graph is a
mangrove if, for every vertex, both the subgraph of verticesachable fromv and
the subgraph of vertices thagachv are trees. (Equivalently, for every pair of vertices
(u,v), there is at most one path fromto v.) A deterministic algorithm for reachability
on mangroves was presented in [AL98] that uses shg?m/ loglog n, and the same
paper builds on this to show RUC DSPACHlog? n/ loglogn).

Because grid graph reachability is logspace-equivalent to planar reachability, it suf-
fices to concentrate on grid graphs in trying to find a better algorithm for planar reach-
ability. It is interesting to note, however, that whereas planar reachability is hard for L
under AC reductions, this is not known to hold for grid graph reachability. A detailed
study of grid graph reachability was undertaken in [ABIB]. There, it was shown that
many restricted versions of grid graph reachability (such as the undirected case, the
outdegree one case, and the case where both indegree and outdegree are exactly one)
are equivalent under ACreductions, thus giving rise to a natural cluster of problems
intermediate between L and NGi.e., known to be hard for NCand lying in L but
not known to be hard for L). A very restricted grid graph reachability problem was also
shown to be complete for TQunder AC-Turing reductions.
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