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SUMMARY

As part of a study of almost-everywhere complex sets, we investigate sets that are immune
to AC?; that is, sets with no infinite subset in ACY. We show that such sets exist in PPF and
in DSPACE(log nlog™ n).

Our main result is an oracle construction indicating that any improvement in these im-
munity results will represent a significant advance, in that we show that any answer to the
question:

Are there sets in NP that are immune to AC°?
will provide non-relativizable proof techniques suitable for attacking the Ntime vs Dtime ques-
tion. That is, we show that the existence or nonexistence of ACYimmune sets in NP has
consequences concerning the complexity of sets in deterministic and nondeterministic exponen-
tial time.

1 Introduction

1.1 Immunity

What does it mean to show that a set is complex? As a first attempt, one might show
that the set does not lie in some “easy” complexity class such as DTIME(n®). However,
if a set L is not in DTIME(n®), it means merely that for each machine M accepting
L, M must run for more than n° steps on infinitely many inputs — although this set
of inputs could be extremely sparse — and it might even be the case that M runs in
linear time on the overwhelming majority of inputs. In some settings, such a set L would
not be considered sufficiently “complex,” and thus two stronger notions of complexity
have often been considered: randomness (or Church-randomness) and almost-everywhere

complexity.

A set L is said to be Church-random with respect to a class C if for each set A € C
the probability that A and L differ on a random string of length n approaches % (That
is, the sequence [{z € X" : © € AAL}|/2" approaches 3.) Very tight Church-randomness
hierarchies are known; for all functions ¢ and T such that DTIME(¢(n)) is known to be
properly contained in DTIME(T(n)), it is known that there is a set in DTIME(T(n))
that is Church-random with respect to DTIME(¢(n)) [Wi83]. Also, it is known that the
Parity language is Church-random with respect to AC® [Cai89, Bab87, Has87]. (AC® is

the class of languages accepted by families of constant-depth, polynomial-size circuits of



unbounded fan-in AND and OR gates.)

However, even languages that are Church-random may have infinitely many “easy”
special-case inputs. For example, any string of the form 0™ is trivially not in the Parity
language, and any string of the form 0”1 is trivially in the language. A language is
almost-everywhere complex if there are no infinite classes of “special-case” inputs of this
form. More formally, a set L is said to be almost-everywhere complex with respect to
DTIME(T'(n)) if any machine recognizing L must run for more than T'(|z|) steps on all
large inputs x. As with Church-randomness, there are very tight hierarchies for almost-
everywhere complexity [GHS91]. However, unlike the case of Church-randomness, little
is known about sets that are almost-everywhere complex with respect to AC°. Indeed,
since the size and depth of a circuit is the same on all inputs of a given length, it is not at
all clear what it should mean for a set to be almost-everywhere complex with respect to
a circuit complexity class such as ACY. For guidance, we turn to the better-understood

notions of time and space complexity.

Almost-everywhere complexity has been studied in a variety of settings dealing with
time and space complexity [BS85, GHS91, GK90, ABHH90], and in all instances it has
been shown to be intimately connected with immunity. (An infinite set L is émmune to
a class C if L has no infinite subset in C.) For example, in [BS85] it is shown that for
any time-constructible function 7', a set L is almost-everywhere complex with respect to
DTIME(T(n)) if and only if both L and its complement are immune to DTIME(T (n)).
Thus, a study of sets that are immune to a complexity class is necessary in order to study

the notion of almost-everywhere complex sets.

Because of these and other considerations, immunity has often been studied in com-
plexity theory. (For example, see [Li90] and the papers cited there.) In the literature,
a class D is said to be strongly separated from a class C if there is a set in D that 1s
immune to C. The goal of this work is to study the immunity properties of circuit com-
plexity classes, beginning with the best understood and smallest interesting class; we

study strong separations from AC°.



1.2 Uniform AC"

No set is immune to non-uniform ACY, since every infinite set has an infinite sparse
subset, and every sparse set is trivially in non-uniform AC®. Thus in order for there
to be a meaningful study of sets immune to AC°, there must be some agreement on a
notion of uniformity for the circuit families under consideration. Since uniformity con-
ditions are necessary in order to draw important connections between circuit complexity
and machine-based complexity, the issue of uniformity has been addressed often before
[Ruz81, BIS90, BCGR90]. In particular, for very small complexity classes such as AC?,
this issue has been addressed in the papers [BIS90] and [BCGR90], and they provide

persuasive arguments for the use of Dlogtime uniformity.

One argument in favor of using Dlogtime uniformity is that there are many appeal-
ing alternative characterizations of Dlogtime-uniform AC?; we will work exclusively with
these alternative characterizations, and thus we need not define and discuss the unifor-

mity condition in detail. Here is a list of some of these alternative characterizations:

Theorem 1 [BIS90] The following classes of sets are equal:

o The class of sets accepted by Dlogtime-uniform circuits of AND and OR gates of

unbounded fan-in, constant depth and polynomial size.

e The class of sets accepted in O(1) time on a CRAM with polynomially many

PIoceSsors.

e The class of sets accepted by alternating Turing machines in O(logn) time and

O(1) alternations (i.e., the logtime hierarchy defined by Sipser in [Sip83]).

e The class of sets definable in first-order logic with additional predicates < (linear
order) and BIT (where BIT(i,j) means that bit ¢ of the binary representation of
g is 1). This class is sometimes denoted FO+ < +BIT.

It has also been shown recently that the logspace-rudimentary reductions defined by

Jones [Jon75] are precisely the functions computed by Dlogtime-uniform AC? circuits

91b|. 1tional characterizations o may be tound in [Clo90)].
AGI1b]. Additional ch 1zat1 f AC® be found in [Cl



A secondary reason for considering Dlogtime uniformity in this paper is that our
main results point out the significance of finding sets immune to AC°, even with this
most restrictive notion of uniformity. If less restrictive uniformity is used, then immunity

will be correspondingly more difficult to establish.

Throughout this paper, all references to circuit complexity classes assume the Dlog-
time uniformity condition (e.g., “AC"” denotes Dlogtime-uniform AC°) unless we explic-

itly specify otherwise (as for example in “P-uniform AC°” or “non-uniform AC”").

1.3 Outline of the paper

In Section 2, we exhibit a few complexity classes that have sets that are immune to AC°.
We also prove a somewhat stronger result in Theorem 4 about immunity with respect to

ACC, which is a larger complexity class than AC°. Theorem 4 states:
o There is a set in PFY that is immune to ACC.

In Section 3 we talk about the possibility of finding sets in NP that are immune to
AC®. In Proposition 6 we show the following:

o If there is a set in E that is immune to the class of rudimentary sets then there is

a set in P that is immune to AC®.

We also present an oracle relative to which the hypothesis in the above proposition holds.

In Sections 3.1 to 3.3, we show how any proof that shows that NP contains sets
that are immune to ACY gives rise to non-relativizable proof techniques for attacking
questions about deterministic and nondeterministic exponential time. In Section 3.1 we
mention some connections between the E-solvability of NE predicates and a version of
time bounded Kolmogorov complexity of sets. In Section 3.2 we relate the E-solvability of
NE predicates to the nonexistence of AC°-immune sets in NP (Theorem 8), and present

a few other results that build up to Corollary 10 which is as follows:

o If E is equal to the class of rudimentary sets and all NE predicates are E-solvable,

then no set in NP is immune to ACY.



In Section 3.3 we construct an oracle relative to which the hypothesis of Corollary 10

holds. This construction makes use of the results mentioned in Section 3.1.

In Section 4 we present the conclusion and analyze the results in the paper.

2 Immunity to AC"

It is ecasy to find sets with small space complexity that are immune to AC°. Merely
note that ACY is contained inside DSPACE(log n), and then use the almost-everywhere
complexity hierarchy of [GHS91] to obtain the following result:

Proposition 2 Let S be a space-constructible function such that logn = o(S(n)). Then
there is a set in DSPACE(S(n)) that is immune to AC".

An essentially identical proof yields the following:

Proposition 3 Let T be a time-constructible function such that n* = o(T'(n)) for all k.
Then there is a set in DTIME(T (n)) that is immune to AC°.

Neither of the preceding two propositions makes any use of any properties of AC?
at all, other than the trivial observation that AC? is contained in DSPACE(logn). The
results that follow, on the other hand, do rely on the special characteristics of constant-
depth circuits. Although our focus in this paper is on AC?, the immunity results that
follow hold also for the slightly larger complexity class AC'C, which consists of those
languages accepted by Dlogtime-uniform families of polynomial-size, constant-depth cir-
cuits of AND, OR, and MOD,, gates, for a fixed modulus m that does not depend on
the input length. For more definitions and details concerning ACC, see [Ya090, BT91].

Theorem 4 There is a set in PYT that is immune to ACC (and hence is also immune

to ACY).

Proof: Building on the work of [Yao90, BT91], it is shown in [AG92] that there is
a set Y € PP such that ACC C DTIMEY (n?). Now observe merely that the almost-
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everywhere hierarchy of [GHS91] relativizes, so that there is a set in DTIMEY (n®) that
is immune to DTIMEY (n?), and thus is also immune to ACC. B

In [AG92], the containment ACC C DTIMEY (n?) is used to show that ACC is not
equal to PP; that is, there is a set in PP that is not in ACC. However it remains an
open question if there is any set in PP that is immune to AC'C. In fact it is not known
if there are sets in PPPH that are immune to AC® (where PH denotes the polynomial

hierarchy).

3 Immunity within NP

The immunity results presented in the previous section seem initially to be rather dis-
appointing, since AC? is a tiny complexity class, unable even to compute the parity of

PFP is a very powerful complexity class, containing the entire

an input string, whereas
polynomial hierarchy. Since AC® # NC*, it would seem reasonable to hope to be able

to present sets in NC?, or at least in P, that are immune to AC°.

The results of this section show that such hopes may not be reasonable, after all. Even
for the fairly “large” complexity class NP, the question of whether there are sets in the
class that are immune to AC® cannot be answered without resolving some long-standing
issues in complexity theory. In order to make this precise, the first step is to draw some

elementary connections between AC? and the class of rudimentary sets.

Definition: The class of rudimentary sets is the class of languages accepted by
alternating Turing machines making O(1) alternations, and running for linear time. We

will usually denote this class by Uy, X Time(n).

The rudimentary sets were originally defined by Smullyan [Smu61], and they have
been studied extensively (see, e.g., [WraT78, Lip78, Boo78, Vol83, PD80]). Oune result of
[Wra78] shows that the rudimentary sets can also be characterized in terms of linear-
time nondeterministic oracle Turing machines, in analogy to the usual definition of
the polynomial-time hierarchy. We will have reason to be interested in the relation-
ships among the rudimentary sets and deterministic and nondeterministic exponential

time. Following standard practice, we use E to denote DTIME(2°(™) and NE to denote



NTIME(2°).

Proposition 5 L € U, i Time(n)& un(L) € ACY, where un(L) = {0" : n € L}.

Proof: (This result is proved using elementary translational (i.e, “padding”) techniques.
The proof is somewhat easier if one observes (as is done in [Sip83]) that, if L is accepted
by an alternating Turing machine M in time O(log n) with O(1) alternations, then L is
accepted by a similar machine that, along any computation path, uses its address tape

to access the input only once.)

(=) Let L € U, ¥ Time(n). Therefore, there exists an alternating Turing Machine
M and some k such that M accepts L in linear time and makes k alternations. Consider
the machine M’ that behaves as follows:
On input 07,
Compute n (in binary)
Check that M accepts n (by simulating M on n)
end.

It is obvious that M’ accepts un(L) in time O(log n) and makes at most k alternations.

Therefore, un(L) € U, XxTime(logn).

(<) Suppose there exists an alternating Turing machine M that accepts un(L) in
O(log n) time and makes a constant number of alternations. Consider the machine M’
that behaves as follows:

On input n, M’ starts simulating M. If, at some point during this simulation, M queries
the input via its input address tape, M’ compares the number m stored on the address
tape of M with the number n, and continues the simulation of M either from the state
saying “the m-th input symbol is 0”7 (if m < n), or from the state saying “the input
has length shorter than m” (if m > n); thus M’ on input n effectively simulates M on
input 0. Also, since we are assuming without loss of generality that M uses its random

access only once along any computation path, the running time of M is O(log n), which



is O(|n|). Thus M accepts L in linear time and makes a constant number of alternations.

Proposition 5 yields the following immediate corollary.

Proposition 6 If there is a set in E that is immune to U, X Time(n) then there is a set

in P that is immune to AC®.

Proof: If L is in E and is immune to U, ¥ Time(n), then un(L) is in P and is immune

to ACY. [ |

Note that if A is any oracle relative to which P=NP, then it follows easily that relative
to A, E contains a set that is immune to {J, X5 Time(n). Thus Proposition 6 shows that
if it can be shown that NP contains no sets that are immune to AC?, then this yields a

non-relativizing proof showing that no set in E is immune to |, ¥ Time(n).

More significantly and surprisingly, non-relativizing proof techniques also result from
any proof that NP does contain sets that are immune to AC°. The rest of this section is

devoted to making this precise. First, we present some necessary definitions.

3.1 NE Predicates and Kolmogorov Complexity

The P=NP question is usually formulated as a question of the complexity of recognizing
languages, but of course it is equivalent to the question of finding witnesses (e.g., finding
a satisfying assignment, instead of merely reporting that a satisfying assignment exists).
One can draw a similar distinction between “language recognition” and “witness finding”
for other complexity classes — but it turns out that the questions are not always clearly

equivalent.



For example, the E=NE question is the natural exponential-time analog of the P=NP
question, using the “language recognition” framework. The related “witness-finding”
question: “Is every NE predicate solvable in exponential time?” was initially studied in
[AWO90]. In [IT89] it was shown that there is an oracle relative to which E=NE but not all
NE predicates are solvable in exponential time. Thus at least in some relativized worlds,
assuming that all NE predicates are solvable in exponential time is strictly stronger than

merely assuming E=NE.

We will show that the question of whether or not all NE predicates are solvable in ex-
ponential time is related to questions about AC®. In order to present these relationships,
we will need to make use of some connections between the complexity of NE predicates

and a version of time-bounded Kolmogorov complexity.

The following paragraphs introduce the notion of time bounded Kolmogorov com-
plexity that we use. The definitions below were introduced in [Lev84, Al89]; more formal
definitions and background may be found there and in [Al92]. Since it will sometimes be
necessary to speak about Kolmogorov complexity relative to an oracle, we present the

definitions relative to an arbitrary oracle A.

Definition: Kt*(z) = min{|y| +logt: M*(y) = z in at most ¢ steps} where M, is

a “universal” Turing machine. Let L C {0,1}*. Then K#(n) = min{Kt4(z): z € L7"}.

Of course, we omit the superscript A in the unrelativized case, so that K#(z) and

Kr(n) denote Kt%(z) and K?(n), respectively.

It turns out that questions about the difficulty of NE-predicates can actually be
expressed as questions about the K complexity of sets L in P. This is made precise in

Proposition 7.
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Definition: Let (i, ) denote a standard one-one pairing function mapping N x X*
into N (e.g., let (i, 2) denote the number whose binary representation is the ASCII code
of the string “¢,2”, where ¢ is written in binary). Let M;, M,,... be an enumeration
of nondeterministic exponential-time oracle Turing machines; note that without loss of
generality we may assume that for every NE predicate there is a machine M; realizing
the predicate, such that on every input z, the computations of M; on input = have length
exactly (¢, ). For any set A, define S(A) to be the set:

{y : ly| = (i,z) and y encodes an accepting path of the NE machine M on input z}.

Proposition 7 For any oracle A, the following are equivalent:

(a) Every NEA-predicate is E4-solvable.
(b) For every set L in P4, K#(n) = O(log n).

(c) Ké(A)(n) = O(log n).

Proof: The implication (a) =-(b) is proved (in the unrelativized case) as Theorem 6
in [A192] (see also [AW90, Theorem 4]). Since S(A) is clearly in P4, it follows that (b)
implies (c). For the remaining implication, suppose Kgfl(A)(n) < clog n for some constant
c. To solve the NE4-predicate defined by the NE4 machine M, we can use the following
algorithm:

On input @, let m = (i, z). Since Kgfl(A)(m) < clog m, the universal Turing machine M
will produce a string of S(A4) of length m (if one exists) on some input of length < clogm
with oracle A. Try running M# on all possible inputs of length < clog m to see if a string
y of length m is ever produced. If so, check if y encodes an accepting path of M# on .

It is rather easy to see that the above computation requires 2°(#) time. [ |
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3.2 P-uniform AC"

We can now prove our results showing connections between NE predicates and the exis-

tence of sets in NP that are immune to AC°.

Theorem 8 If all NE predicates are solvable in exponential time, then no set in NP is

immune to P-uniform AC?.

Proof: It is shown in [AW90, Theorem 4] that if all NE predicates are solvable in
exponential time, then every infinite set in P has an infinite P-printable subset.! By
Theorem 7 of [AR88], this implies that every infinite set in NP has an infinite P-printable
subset. But clearly every P-printable set is in P-uniform AC?; on input n one can in
polynomial time form a list of all strings in L of length n, and then build a trivial

constant-depth circuit accepting precisely the strings that appear on that list. B

Theorem 8 does not say anything about Dlogtime-uniform AC°, speaking instead
only of P-uniform AC°. The next theorem shows under what conditions these classes

coincide.

Theorem 9 E = |, X;Time(n) iff P-uniform AC° = Dlogtime-uniform AC°.

Proof: (<) Suppose P-uniform AC® = Dlogtime-uniform AC°. It suffices to show that
E C Ui ZrTime(n). Let L € E. Note that un(L) is a tally set in P. Any tally set in P
is trivially in P-uniform AC®. Using the hypothesis, un(L) € Dlogtime-uniform AC".

Hence, by Proposition 5, L € J;, X Time(n).

LA set L is P-printable if there is a polynomial-time routine that, on input n, outputs a list of all
strings in L of length n. Note that all P-printable sets are sparse.

12



(=) To prove this direction, we first need the simple fact that for all &, the language

Ly = {(z,C) : C is a depth k circuit of AND and OR

gates that evaluates to 1 on input =}

is in AC°. To see this, note that (z,C) € L, iff
(3¢) bit position ¢ in C is the start of the name of the output gate g and

[gis an AND gate and

vy
( )[(ifj 1s the start of the name of an AND gate h connected to g, then
(Vk) (if (the negation of) bit k of « is an input to A,
then bit k is 1 (0)))
and (if j is the start of the name of an OR gate h connected to g, then
(3k) ((the negation of) bit k of z is an input to h

and bit & is set to 1 (0)))]]
or [g is‘an OR gate and

=)
( )[(j 1s the start of the name of an AND gate h connected to g, and
(Vk) (if (the negation of) input bit & is an input to A,
then bit k is set to 1 (0)))
or (j is the start of the name of an OR gate h connected to g, and
(3k) ((the negation of) bit k of z is an input to h
and bit & is set to 1 (0)))]].
Using the characterization of AC? in terms of first-order logic as presented by [BIS90],

it is clear that L, is in AC?. Tt is easy to see how to generalize this to show that each

L; is in AC".

To proceed, assume that E = |J, X Time(n), and let L be a language in P-uniform
AC®. Thus there is a family of depth %k circuits {C,} recognizing L, such that the set
A = {00 . bit i of the description of C, is 1} is in P. Under the assumption E =

Us ZxTime(n), it follows from Proposition 5 that A is in Dlogtime-uniform AC°.

An alternating log-time Turing machine for L can now be described. On input z,

simulate the AC? algorithm for Ly on input (z,C,). That is, when the algorithm for Ly

13



uses its address tape to look at input position m, look at the m-th bit of = if m < |z,

and otherwise test if 0(m—m) ¢ A, [

Theorems 9 and 8 yield immediately the following corollary.

Corollary 10 If E = {J, ¥ Time(n) and all NE predicates are solvable in exponential

time, then no set in NP is immune to AC°.

We conjecture that the hypothesis to Corollary 10 is false; note that if E = U, X, Time(n),
it follows that alternating linear time is equal to X;Time(n) for some k, which puts very
low limits on the power of deterministic exponential time. Thus it may seem contradic-
tory to assume simultaneously that deterministic time 2°(" is powerful enough to solve
any NE predicate. Note also that if E = (U, ¥ Time(n), then the polynomial hierarchy
collapses. Nonetheless, the following theorem shows that the hypothesis to Corollary 10

cannot be shown to be false by any relativizing proof technique.

3.3 The Oracle Construction

Theorem 11 There is an oracle relative to which every NE predicate is solvable in

exponential time and E = ¥,Time(n).

Before proving Theorem 11, let us remind the reader that we have only one reason
for being interested in this unusual combination of conditions on the complexity of expo-
nential time: it implies that no set in NP is immune to AC°. Hence, finding sets in P or
in NP that are almost-everywhere complex with respect to AC? will necessarily involve
the development of nonrelativizing proof techniques for attacking questions concerning

deterministic and nondeterministic time classes.
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Proof: To prove Theorem 11, it suffices to build an oracle A such that Kgfl(A)(n) =

O(log n) and E4 = B, Time?(n).

Notice first that there is a deterministic oracle machine Ms running in time n? such

that for every A, M# accepts S(A).

Let L(A) = {i#z10" : the i* E4 machine M# accepts = in < 2% steps}. It is easy
to see that there is a deterministic oracle machine M# running in time 2" such that for
every A, M# accepts L(A). It is also obvious that L(A) is complete for E4 under linear

time reductions.

Thus to prove Theorem 11, it suffices to build an oracle A such that Kgfl(A)(n) =
O(logn) and L(A) € £;Time(n). That is, there are two kinds of encoding that need to
be performed. The encoding done to ensure E4 = B, Time® (n) will henceforth be called
L-encoding and the encoding done to ensure Kgfl(A)(n) = O(log n) will be referred to as

S-encoding.

The oracle will be constructed in stages. In each stage we do some L-encoding followed
by some S-encoding. These encodings reserve certain strings for A and A. Note that
once a string has been reserved for A or A, its fate does not change later. Let A; and A;
denote the sets of strings reserved for the oracle and its complement respectively after

the completion of stage i. Define A = U;4;.

In a particular L-encoding phase, we ensure that
(Vo) (¢ € L(A) < (y)(Vz) leyz € A) where |y| = |z] = 5|z|.

This is done for all z of a particular length under consideration in that phase.

More precisely, let A} denote the oracle that has been constructed up to a certain point

in the L-encoding phase of stage ¢, and let x be the next string under consideration. Run

15



M}jg on input #, and reserve all of the strings that were queried on that computation
for A; or A;, according to whether or not they are in A}, If M}jg accepts, find some y of
length 5|z| such that no string of the form lzyz where |z| = 5|z| is reserved for 4;, and
put all of the 2°%l strings of the form lzyz into A;. On the other hand, if M}jg rejects,

then for each y of length 5|z| find some z with |z| = |y| and reserve 1zyz for A;.

In the S-encoding phase, we try to ensure that Kg‘l(A)(m) = O(log m) for the length m
currently under consideration by encoding a string w € S(A) by the strings g HL gmi e
0™ +3 ..., 0™ *™_ The way this encoding works is that (V5)1 < j < m, the answer to
the question “0™ 't € A?” specifies the ™ bit of w. Note that any string w of length
m encoded in this way can be reconstructed very quickly from the description “m” (of

length logarithmic in |w|) and thus Kt4(w) = O(log |w]).

More precisely, in considering strings of length m, there are two possibilities (again,
let A, denote the oracle that has been constructed this far in stage 7):

1. Mﬁg accepts a string w of length m.

2. Mﬁg does not accept any string of length m.

In the first case, we simply go ahead and encode one such w as described above. In
the second case, try to determine if there is a possible extension? of A: and Al say AY

and A”, so that M;gl accepts some string w of length m. There are two possibilities

again:

° M;gl does not accept any string of length m for any possible extension A/; in this

case, no encoding is required.

ZNote that any extension that is considered is not allowed to change the status of any string that has
already been reserved for A or Al

16



1"

° Mﬁ’ does accept a string w of length m for some extension AY; in this case, extend
Al to A and proceed with the encoding of w. (Note that AY need differ from A
on at most m? strings, since only those strings queried by Ms on input w need be

reserved.)

Let Ag = 0, and assume that no strings have been reserved so far. The construction

is done as follows:

During stage 1,

do the L-encoding for length ;

do the S-encoding for lengths m where 2* < m < 2'+1
end of construction.

Now the only thing left is to prove the correctness of the construction. Consider stage

1 of the construction:

In the L-encoding phase we want that
for all @ of length ¢, ¢ € L(A) < (Jy)(Vz) layz € A where |y| = |z| = 5i
Consider the encoding for a typical = of length :. We need to show that there are enough
unreserved strings beginning with 1z to enable us to do the required encoding. The
number of strings that have already been considered for L-encoding is < (2—|—22—|—- . -—|—2i) <
2¢+1. For each of these strings, it is possible that M7# might have queried the oracle. But
since M7 runs in time 22", the maximum number of strings that could have been reserved

due to queries made while processing those strings is < (207! &1) - 2% < 2341,

The L-encoding phase also reserves strings for the oracle that are of the form luvw.
But since we are only interested in counting strings of the form lzyz for the string =

currently under consideration, the above mentioned strings can be ignored.
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Note that the S-encoding has been done for lengths < 2¢ <1. The machine MZ could
possibly have queried strings for all lengths < 2! <1. Since MZ runs in time n?, the
maximum number of strings that could have been reserved due to queries made while
doing that S-encoding 1s < Ez;% m? < 2%, In each S-encoding phase, the strings that
are specially reserved to encode strings always start with 0 so they can be ignored too.
Therefore, the total number of strings with 1 in the first position that could have been
queried or reserved so far is < 2341 4 931 ~ 2% /i > 1. Since less than 2% strings have
been reserved we can find a string y of length 5¢ such that for all z of length 5:, none
of 1zyz have been reserved. Similarly, for each string y of length 5¢ there is some z of
length 5¢ such that 1xyz is not reserved. Thus 1t 1s possible to find the unreserved strings

that are required in order to carry out the L-encoding.

Now consider the S-encoding phase. During stage ¢+ we do the S-encoding for each
length m such that 2! < m < 2!, Encoding is necessary only if there is some w of such

a length m such that Mg accepts w with the oracle constructed so far.

Since |w| = m, it should be encoded by strings 0™ +i where 1 < j < m. But we must

make sure that none of these strings have been reserved as yet.

Since @ < log m, the L-encoding has only been done for lengths < log m. Therefore
the longest string with a 0 in the first position that could have been queried during any of

22logm — 2 The strings of the form lzyz that are

the L-encoding phases has length <
reserved during the L-encoding phases start with a 1 in their first positions so they do not
interfere with the encoding in the current phase. S-encoding has been done for lengths

< m&l, so the longest strings queried or reserved have length < (m<1)2 4 (m<l) < m?

whenever m > 1.
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During the current phase, to make Mﬁg accept an input of length m (by possibly
extending the oracle), the longest string that could have been queried and reserved has
length < m? (because the machine M4 runs in time n?). Therefore, any string queried
so far has length < m?. Hence we can encode w with 0™+ < 7 < m. This completes

the proof of correctness of the construction and we have an oracle A = U; A; such that

E4 = 2, Time®(n) and Kgfl(A)(n) = O(log n). I

4 Conclusion and Analysis

We have begun an investigation into the immunity properties of AC®. In addition to
observing that there are sets in superlogarithmic deterministic space classes and super-
polynomial deterministic time classes, we have also shown that there are sets in PFY that

are immune to AC? (Theorem 4).

We also showed that it would represent a significant advance if one were able to prove
the existence (or nonexistence) of sets in NP that are immune to AC®. More specifically,

we presented the following pair of results:

o If E = (J, ¥4 Time(n) and every NE predicate is solvable in exponential time, then
no set in NP is immune to AC°. Furthermore, there is an oracle relative to which

this hypothesis holds.

e If thereis a set in E that is immune to [J, £z Time(n), then there is a set in P that is

immune to AC°. Furthermore, there is an oracle relative to which this hypothesis

holds.

Combining these two results, we see that any answer to the question
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Are there sets in NP that are immune to AC°?
yields non-relativizing proof techniques for attacking questions concerning deterministic

and nondeterministic time-bounded computation.

Earlier work by Impagliazzo and Naor [IN88] showed that many relationships among
very small complexity classes (such as Dtime(logo(l) n) and Ntime(logo(l) n)) cannot be
resolved without first answering long-standing questions such as whether P=NPNcoNP.
However, this is the first time that questions about AC® have been shown to have a

bearing on questions about fairly large classes like E and NE.

It is important to stress that our results concerning non-relativizing proof techniques
all use the usual notion of relativized deterministic and nondeterministic time. In partic-
ular, we do not deal with relativized notions of AC?. Indeed, it is not clear that it makes

much sense to talk about relativized ACY; for example, if L is any set that is complete

for P under AC° reductions, then P¥ = ACOL, although clearly P # AC°.

Of course, it 1s now recognized that the mere existence of an oracle, relative to which
some condition X fails to hold, does not preclude the existence of an easy proof that
X does hold in the unrelativized case. However, the non-relativizing proof techniques
developed in [LFKN90, Sha89, BFLI0] have not been shown to be relevant for questions
concerning deterministic and nondeterministic time classes; new non-relativizing proof
techniques are still needed to answer these questions. One (optimistic) way to view the
results of this paper is as an indication that the relatively well-understood complexity

class ACY offers a possible starting place for the development of such techniques.

In [AG92], we have shown that there is a set Y € PP such that AC? is contained
in Dtime(n?)¥; we used this result to prove our Theorem 4. It is an interesting open

question if there is any set Y’ in the polynomial hierarchy such that AC° can be recognized

20



in deterministic time n* relative to Y’, for some k. If so, then there are sets in the
polynomial hierarchy that are immune to AC°. However, this would also have significant

consequences concerning the complexity of the rudimentary sets.

Proposition 12 If there is a set L in the polynomial hierarchy and a constant k such
that AC° € Dtime(n*)F, then there exist constants ¢ and I such that (J;, Xz Time(n)

C ¥;Time(2°").

The conclusion of Proposition 12 is a much better inclusion than is known to hold,
and it is reasonable to conjecture that this inclusion fails relative to some oracle, but this

is not known to be the case.

Let us end on a note of speculation. Recall that AC° = FO+ < +BIT. One reason
it seems unlikely that this class would be contained in Dtime(n*) for any fixed k, is that
a first-order formula with k+ 1 quantifiers, with variables ranging over the set {1,....,n}

k+1 - However it

cannot be evaluated in any straightforward way in time less than n
should be noted that the class FFO+ < is exactly the star-free regular sets, and thus each
language in that class has a linear-time algorithm [MPT71] (see also [Lad77]). Some (but
clearly not all) of the combinatorial techniques that are used to prove this characterization
of FO+ < apply also to the system FO+ < +BIT. It seems possible that techniques

could be developed in this setting to prove non-relativizing results, using the logic-based

characterizations of uniform AC®.
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